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Abstract. Let X be a space. A space Y is called an extension of X if y 
contains X as a dense subspace. For an extension y of X the subspace Y\X 
of y is called the remainder of Y . Two extensions of X are said to be equivalent 
if there is a homeomorphism between them which fixes X pointwise. For two 
(equivalence classes of) extensions Y and Y' of X let y < Y' if there is 
a continuous mapping of Y' into Y which fixes X pointwise. Let P be a 
topological property. An extension y of X is called a V -extension of X if it 
has v. If V is compactness then T'-extensions are called compactifications. 

The aim of this article is to introduce and study classes of extensions (which 
we call compactification-like V -extensions, where P is a topological property 
subject to some mild requirements) which resemble the classes of compacti- 
fications of locally compact spaces. We formally define compactification-like 
■P— extensions and derive some of their basic properties, and in the case when 
the remainders are countable, we characterize spaces having such extensions. 
We will then consider the classes of compactification— like P-extensions as par- 
tially ordered sets. This consideration leads to some interesting results which 
characterize compactification-like P-extensions of a space among all its Ty- 
chonoff 7-"— extensions with compact remainder. Furthermore, we study the 
relations between the order— structure of classes of compactification-like V- 
extensions of a TychonofI space X and the topology of a certain subspace 
of its outgrowth /3X\X. We conclude with some applications, including an 
answer to an old question of S. Mrowka and J.H. Tsai: For what pairs of topo- 
logical properties V and Q is it true that every locally-'P space with Q has a 
one— point extension with both V and Q? An open question is raised. 
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1. Introduction 

Let X be a space. A space Y is called an extension of X if K contains X as a 
dense subspace. If Y is an extension of X then the subspace Y\X of Y is called 
the remainder of Y. Two extensions of X are said to be equivalent if there exists a 
homeomorphism between them which fixes X pointwise. This defines an equivalence 
relation on the class of all extensions of X . The equivalence classes will be identified 
with individuals when this causes no confusion. For two (equivalence classes of) 
extensions Y and Y' of X we let Y <Y' ii there exists a continuous mapping of Y' 
into Y which fixes X pointwise. The relation < defines a partial order on the set of 
all (equivalence classes of) extensions of X (see Section 4.1 of [29] for more details). 
Let 7^ be a topological property. An extension y of X is called a V -extension of 
X if it has V. If P is compactness then "P-extensions are called compactifications. 
The aim in this article is to introduce and study classes of extensions (which we 
call compactification-like V -extensions where "P is a topological property) which 
look like the classes of compactifications of locally compact spaces. These are for a 
Tychonoff space X: 

• The class of minimal V -extensions of X , consisting of those Tychonoff V- 
extensions Y oi X with compact remainder such that Y is minimal (with 
respect to the subspace relation C) among all Tychonoff P-extensions of X 
with compact remainder. (In other words, one cannot construct any other 
Tychonoff "P-extension of X with compact remainder out of Y by deleting 
points from the space Y .) 

• The class of optimal V -extensions of X, consisting of those Tychonoff V- 
extensions Y of X with compact remainder such that the topology of Y is 
maximal (with respect to the inclusion relation C) among all topologies on 
Y which turn Y into a Tychonoff P-extension of X with compact remainder 
and Y is minimal (with respect to the subspace relation C) among all 
Tychonoff P-extensions of X with compact remainder. (In other words, 
one cannot construct any other Tychonoff P-extension of X with compact 
remainder out of Y either by adding sets to the topology of Y or deleting 
points from the space Y .) 

Here the topological property P is subject to some mild restrictions and will include 
most of the important covering properties (such as compactness, the Lindelof prop- 
erty, countable compactness, paracompactness and metacompactness) as special 
cases. 

This article is organized as follows: 

In Chapter 2 we give the formal definitions of compactification-like P-extensions 
and we derive some of their basic properties. 

In Chapter 3 we consider the case when the extensions have countable remainders 
and characterize those Tychonoff spaces which have a compactification-like P- 
extension with countable remainder. 

In Chapter 4 we consider the classes of compactification-like P-extensions of a 
Tychonoff space X as partially ordered sets. Besides the standard partial order < 
we consider two other partial orderers <inj and <surj- This considerations lead to 
some interesting results which characterize compactification-like P-extensions of X 
among all Tychonoff P-extensions of X with compact remainder. Furthermore, we 
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study the relationships between the order-structure of classes of compactification- 
like "P-extensions of X (partially ordered with <) and the topology of a certain 
subspaces of its outgrowth (3X\X . We conclude this chapter with a result which 
characterizes the largest (with respect to <) compactification-like 'P -extension of 
X. This largest element, which we explicitly introduce as a subspace of the Stone- 
Cech compactification j3X of X, turns out to be even the largest among all Ty- 
chonoff 'P-extension of X with compact remainder. 

In Chapter 5 we give some applications of our study. These applications include 
the relations between compactification-like P-extensions and tight P~extensions 
with compact remainder (a tight V -extension of a space X is a Tychonoff P- 
extension of X which does not contain properly any other P-extension of X as a 
subspace) and an answer to an old question of S. Mrowka and J.H. Tsai in [28]: 
For what pairs of topological properties P and Q is it true that every (Tychonoff) 
locally-P (non-P) space with Q has a one-point (Tychonoff) extension with both 
V and Q? 

We conclude with an open question which naturally arise in connection with our 
study. 

We now review some of the terminology, notation and well known results which 
will be used in the sequel. Our definitions mainly come from the standard text ^ 
(thus in particular, compact spaces are Hausdorff, perfect mappings are continuous 
with Hausdorff domains, etc.). Other useful sources are [8], [29] and [40] . 

The letters R, I and N denote the real line, the closed unit interval and the set 
of all positive integers, respectively. By uj and i7 we denote the first infinite ordinal 
and the first uncountable ordinal, respectively, and by Hq and Ki we denote their 
cardinalities. The cardinality of a set A is denoted by card(A). For a subset A 
of a space X we let c\xA, intx^ and bdx^ denote the closure, the interior and 
the boundary of A in X, respectively. A subset of a space is said to be clopen if 
it is simultaneously closed and open. A zero-set of a space X is a set of the form 
Z{f) — /^^(O) foi' some continuous / : X — > I. Any set of the form X\Z, where Z 
is a zero-set of a space X, is called a cozero-set oi X. We denote the set of all zero- 
sets of X by 3f{X) and the set of all cozero-sets of X by Coz{X). For a Tychonoff 
space X the Stone-Cech compactification of X is the largest (with respect to the 
partial order <) compactification of X and is denoted by (3X. The Stone-Cech 
compactification of a Tychonoff X is characterized among the compactifications of 
X by either of the following properties: 

• Every continuous mapping from X to a compact space is continuously ex- 
tendible over PX. 

• Every continuous mapping from X to I is continuously extendible over /3X. 

• For every Z,S e ^{X) such that Z n 5 = we have 

dpxZndpxS = 9. 

• For every Z,S & J°(X) we have 

dpxiZ nS) = dpxZ n dpxS. 

A continuous mapping / : X — y is called perfect if X is a Hausdorff space, / 
is closed (not necessarily surjective) and continuous and any fiber f~^{y), where 
y G F, is a compact subset of X. A topological property V is said to be invariant 
under perfect mappings (inverse invariant under perfect mappings, respectively) if 
for any perfect surjective mapping f : X Y the space Y (X, respectively) has V 
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provided that X (y, respectively) has V. A topological property V is called perfect 
if it is both invariant and inverse invariant under perfect mappings. A topological 
property V is said to be hereditary with respect to closed subsets {hereditary with 
respect to open subsets, respectively) if any closed (open, respectively) subset of 
a space with V also has V. A topological property V is called finitely additive 
if whenever X = Xi (B ■ • ■ (B Xn and each Xi has V then X also has P. Let P 
be a topological property. A space X is called locally-P if each x € X has an 
open neighborhood U in X whose closure clxC^ has P. Note that if X is a regular 
(Hausdorff) space and P is closed hereditary, then X is locally-P if and only if 
each point x of X has a local base consisting of open neighborhoods U oi x such 
that c\xU has P. 

2. COMPACTIFICATION-LIKE T'-EXTENSIONS 

In this chapter we give definitions and derive some basic results which will be 
used throughout. 

Definition 2.1. Let X be a space, let "P be a topological property and let y be a 
Tychonoff P-extension of X with compact remainder. 

The extension Y of X is called minimal if Y is minimal (with respect to the sub- 
space relation C) among all Tychonoff P-extensions of X with compact remainder, 
that is, Y does not contain properly any other Tychonoff P-extension of X with 
compact remainder. In other words, one cannot obtain any other Tychonoff P- 
extension of X with compact remainder out of Y by deleting points from the space 
Y. 

The extension y of X is called optimal if the topology of Y is maximal (with 

respect to the inclusion relation C) among all topologies on Y which turn Y into 
a Tychonoff "P-extension of X with compact remainder, and Y is minimal (with 
respect to the subspace relation C) among all Tychonoff P-extensions of X with 
compact remainder. In other words, one cannot obtain any other Tychonoff P- 
extension of X with compact remainder out of Y either by adding sets to the 
topology of y or deleting points from the space Y. 

We refer to either minimal P-extensions or optimal P-extensions as compactification- 
like P -extensions. 

Notation 2.2. Let X be a space and let P be a topological property. Denote by 
S'{X) the set of all Tychonoff extensions of X with compact remainder and denote 
by either S'''^{X) or S'-piX) the set of all elements of S'{X) which have P. Also, let 
^■p{X) and €^-p{X) denote the set of all minimal P-extensions of X and the set of 
all optimal P extensions of X, respectively, and if Q is a topological property, let 

• <f2(x) = ^e(x)n<fT'(A:). 

• ^^{x) = <f 2(a:) n ^vix). 

• ff^{X) = ^^{X)r\ffr{X). 
Note that by the definitions 

Remark. Topological properties P considered in this article are assumed to be 

non-empty, that is, it is assumed that there exists at least one space with P. This 
in particular implies that for a clopen hereditary topological property P the empty 
set has P, or, if a space is non-P then it is non-empty as well. 
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The following subspace of /3X will play a crucial role in our study. 

Definition 2.3. For a Tychonoff space X and a topological property V define 

ApX = y {int/3xcl/3x^ : Z G ^{X) has V}. 

Note that any topological property which is hereditary with respect to clopen 
subsets and inverse invariant under perfect mappings is hereditary with respect to 
closed subsets of Hausdorff spaces (see Theorem 3.7.29 of This simple fact will 
be used in a number of places throughout. 

Lemma 2.4. Let X be a Tychonoff space and let V be a clopen hereditary finitely 
additive perfect topological property. Then for any subset A of X if dp x A C X-pX 
then clx^ has V . 

Proof. By the compactness of clpxA and the definition of X-pX we have 

n 

c\f3xA C [J int p X dp xZi C dpxZ 
1=1 

where each Zi, . . . , Zn G 2f{X) has V and Z = Zi U ■ ■ ■ U Zn. Since V is finitely 
additive and invariant under perfect mappings and Z is the finite union of its closed 
subspaces Zi's each having V, it follows that Z has V (see Theorem 3.7.22 of [5J). 
Now since dxA C Z the set cl^^ has 7^, as it is closed in Z. □ 

Lemma 2.5. Let V be a topological property which is clopen hereditary and inverse 
invariant under perfect mappings and let f : X ^ Y be a perfect mapping. Then if 

Y is locally-V and Hausdorff then X is locally -V . 

Proof. First note that f[X] is locally-T'. To show this let y G f[X]. Since Y is 
locally-P there exists an open neighborhood VoiyvnY such that clyT^ has V. 
Now V n f[X] is an open neighborhood of y in f[X\, the image f{X] is closed in Y 
(as / is perfect and thus closed) and 

ci/[x] {V n f[x]) = ciy n f[x]) n f[x] c dyV. 

Therefore df[x\{V n f[X]) has V, as it is closed in dyV . Since f : X ^ f[X] 
is perfect and surjective we may assume in the statement of the lemma that / is 
moreover surjective. Let x ^ X. There exists an open neighborhood W of /(x) in 

Y such that clyTy has V. Since 

f\f-\dYW] : f-^dyW] -> dyW 

is perfect and surjective and V is inverse invariant under perfect mappings, /^^ [clyM^] 
has V. Now is an open neighborhood of x in X, and since cljf/^^[M^] C 

/"^[clyVl^] and the latter has its closed subset clx/^^[M^] also has V. □ 

A topological property V is said to satisfy Mrowka 's condition (W) if it satisfies 
the following: If X is a Tychonoff space in which there exists a point p with an 
open base ^ for X at p such that X\B has V for any B Q 3§, then X has V (see 
[25j). If 7-" is a topological property which is closed hereditary and productive then 
Mrowka's condition (W) is equivalent to the following condition: If a Tychonoff 
space X is the union of a compact space and a space with V then X has V (see 
[T7]). In [2S] S. Mrowka showed that if P is a topological property which is closed 
hereditary, finitely additive with respect to closed subsets (that is, if a space is the 
union of a finite number of its closed subsets each having V, then it has V) and 
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invariant under continuous mappings then any Tychonoff locally- space can be 
embedded as an open subspace in a Tychonoff space with V if and only if Mrowka's 
condition (W) holds. 

In this article we will be dealing with certain classes of topological properties. 
For convenience, we make the following definition. 

Definition 2.6. Let Vhea. topological property. Then V is said to be a compactness- 
like topological property if P is a clopen hereditary finitely additive perfect topo- 
logical property which satisfies Mrowka's condition (W). If Q also is a topological 
property, then we say that V and Q is a pair of compactness-like topological proper- 
ties (here the order of V and Q is important) if is a compactness-like topological 
property and Q is a clopen hereditary topological property which is inverse invari- 
ant under perfect mappings and satisfies Mrowka's condition (W). (Examples of 
pairs of compactness-like topological properties are given in Example 12.161 ) 

Lemma 2.7. Let V be a topological property which is inverse invariant under 
perfect mappings and satisfies Mrowka 's condition (W) . Then if X is a Tychonoff 
space in which there exists a compact subset A with an open base for X at A 
such that X\B has V for any B £ , then X has V . 

Proof. If v4 = then the lemma holds trivially, as in this case % £ SS. Suppose that 
A is non-empty. Let T be the space obtained from X by contracting the set A to 
a point p and \et q : X T denote the corresponding quotient mapping. Note 
that since A is compact T is Tychonoff. Now {q[B] : B e is an open base for 
T at p such that T\q[B] = X\B has V for any B £S§. Since V satisfies Mrowka's 
condition (W) the space T, and thus its inverse image X under the perfect surjective 
mapping q has V . □ 

Note that if A is a dense subset of a space X and U is an open subset of X 
then cXxU = c\x(,U n A) and thus U C mtxc\x{U DA). In particular, if X is a 
Tychonoff space, / : /3X — >■ I is continuous and r G (0, 1) then 

/-i[[0,r)] Cint^xcW(/-i[[0,r)] nX). 

We use such simple observations frequently in the future. 

A Hausdorff space is called zero-dimensional if the set of all its clopen subsets 
constitute an open base for it. A Tychonoff space is called strongly zero-dimensional 
if its Stone-Cech compactification is zero-dimensional. For a regular space X let 
{EX, kx) denote the absolute of X (see Theorem 6.6(e) of [29] or Problem 6.3.20 
of [5]). The space EX is (extremely disconnected and) zero-dimensional (thus 
strongly zero-dimensional; see Theorem 6.4 of [2S]) and kx ■ EX X is a perfect 
(irreducible) surjective mapping. 

The following lemma is quite fundamental in our study. We state and prove it 
in its general form for possible future reference. 

Lemma 2.8. Let V and Q he a pair of compactness-like topological properties. 
Let X and Y be Tychonoff spaces such that Y has Q, let f : X Y be a perfect 
surjective mapping, let T € <S'(Y), let oT he a compactification of T and let (p : 
13 X — > aT be the continuous extension of f . The following are equivalent: 

(1) tg <f2(y). 

(2) X is locally-V and l3X\X-pX C (j)-^[T\Y]. 
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Proof. (1) implies (2). Since V is hereditary with respect to closed subsets of 
Hausdorff spaces Y, having a P-extension with compact remainder, is locally- 
V and therefore by Lemma 12.51 the space X is locaUy-T-". Next, we show that 
fiX\X'pX C (f>~^[T\Y]. Suppose to the contrary that there exists an x £ pX\\-pX 
such that X ^ 0^^[T\y]. Let g : /3X — I be continuous with g{x) — and 
g[(l>-^[T\Y]] C {1} and let Z = g-^[[0, 1/2]]. We verify that ZnX e ^{X) has 
V. Since Z n (j)-^[T\Y] = we have 

0[Z] C <j,[pX\r'[T\Y]]^cj,[r^[aT\{T\Y)]\ C aT\{T\Y) 

and thus S = <t>\Z] n T C y. Therefore S has V, as it is closed in T, because Z is 
compact. Since /l/^^iS"] : f^^[S] — > is perfect and surjective and V in inverse 
invariant under perfect mappings, f^^[S] has V. Thus 

^ n X c /-I [/[z n X]] c /-^ n x] n y] c /-^ [</)[z] n r] = /-i[5] 

which implies that Z X has V, as it is closed in f^^[S]. Now 

X e .g"' [[0, 1/2)] C int^xcl^x (5"' [[0, 1/2]] n X) = int^^cl^x n X) C ApX 

which is a contradiction, as X ^ \'pX. 

(2) implies (1). Suppose moreover that X is strongly zero-dimensional. Let 

^ = {T\/[cljf/"i[T\(/)[;7]]] : U is clopen in fiX and (/)"i[r\y] C f/}. 

We verify that ^ is an open base for T at T\Y such that T\i? has both V and Q 
for any B £ SS. By Lemma [2.71 this will imply that T has V and Q. Let J7 be a 
clopen subset of jiX such that (/)~^[T\y] C [/. Consider 

B = T\!\^\xr\T\^\U\\\ 

Since (/) is surjective (as its image contains Y — ]\X\ = (\>\X\ and Y is dense in T) 
we have r\y = 0[0-i[T\y]] C (/)[;/] and thus T\(\)^\ C y. Since 

r\T\^\u\\ c 0-i[r\0[c/]] c [«r\0[[/]] = /3x\(/.-i[(/.[c/]] c /3x\c/ 

we have clx/-i[T\(/)[C/]] C /3X\C/ which yields 

T\B = f[cixr'[T\m]] 
- ^[cixf-'[T\m]] 

C (/.[/3X\C/] C Mn^"]] = 'l^ir' [aT\{T\Y)]] C aniw- 

Therefore since U is clopen in fiX the set 0[/3X\J7] is compact and thus c\aT{T\B) C 
<j)[f3X\U]. By above this implies that 

ciT(ns) n (T\y) = dMT\B) n (n>^) = 

and therefore since / is closed 

c1t(T\B) = cly(r\S) = T\B. 

This shows that each B £ ^ is open in T. Obviously, each B £ S§ contains T\Y . 
Next, we show that each open neighborhood W of T\Y in aT contains an element 
of Since X is strongly zero-dimensional, PX is zero-dimensional. Now since 
0~i[Ty] is an open neighborhood of the compact set 0-i[T\y] in PX there exists 
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a clopen subset U of f3X such that 0-i[r\y] CU C (j)-^[W] (see Theorem 6.2.4 of 
[5]). Note that 

B = T\f[dxf-'[T\m]] c n/[r'[n'/'[c^]]] 

and that i? G This shows that ^ is an open base for T at T\Y. Now let 
S G ^. Then T\B = f[clx f^'^[T\(j)[U]\] for some clopen subset U of containing 
4>~'^[T\Y]. Since / is closed, T\B is closed in Y, and since by our assumption Y 
has Q and Q is hereditary with respect to closed subsets of Hausdorff spaces, T\B 
has Q. Also, as argued above f~^[T\(f>[U]] C /3X\U which implies that 

c\pxr^[T\(l)[U]] C (3X\U C /3X\(/)-i[ni"] C ApX. 

By LemmalSHthe set C = clxf'^[T\(j}[U]] has T'. Now /|C : C /[C] is perfect 
(as C is closed in X) and surjective and "P is invariant under perfect mappings, 
thus T\B = f[C] has V. This shows that (1) holds in this case. 

We now turn to the general case in which X is an arbitrary Tychonoff space. 
Let {EX, k) denote the absolute of X. By our assumption X is locally-P, and 
since k : EX — >■ X is perfect, by Lemma 12.51 the space EX is locally-T-". Let 
K : fiEX — ^ fix be the continuous extension of k. Then (j)K : /3EX aT 
continuously extends fk and therefore by above, to show that T G (S'^{Y) we only 
need to verify that 

PEX\X-pEX C {(PK)-^[T\Y]. 

But by our assumption f3X\X-pX C (j>^^[T\Y]. Thus as we will see it suffices to 
show that K^^lX-pX] C X-pEX. Let t G K~^[X-pX]. Let U be an open neighbor- 
hood of K{t) in fix such that clfsxU C X-pX. Let h : fiX — >■ I be continuous with 
h{K{t)) = and h[liX\U] C {!}. Let 

Z = /j-i [[0,1/2]] r\X e S'{X). 

Then since 

c\pxZ C c\iix{U r\X) = clpxU C X-pX, 

by Lemma [2.41 the set Z has V and therefore its inverse image k^^[Z] G 3f{EX) 
under the perfect surjective mapping k\k~^[Z] : k~^[Z] Z has V. By the defini- 
tion of XpEX we have mtiJExc\i3Exk~^[Z] C XpEX. By Theorem 3.7.16 of 5j (or 
Theorem 1.8(i) of ^) and since K\EX = k is perfect, K[/3EX\EX] C l3X\X. 
But K is surjective, as its image contains X = k[EX] = K[EX], and thus 
K[I3EX\EX] = I3X\X. We have 

k-^[z] = k-^[h-^[[o,i/2]]nx] 
= K-'[h-'[[o,i/2]]nx] 

= [/i"i [[0, 1/2]]] n K-^[x] = K-^ [h^^ [[0, 1/2]]] n EX 

and therefore 

teK-^[h-^[[0,l/2)]] C dpExK-^[h-'[[0,l/2)]] 

= dpEx{K-'[h~^[[0,l/2)]]nEX) 

C di3Ex{K-'[h-^[[0,l/2]]] n EX) ^ dpExk-'[Z] 
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which yields t £ inti^ExclpExk ^[Z] and thus t G X-pEX. This shows that 
K-^[X-pX] C XrEX. Now 

f3EX\XvEX C l3EX\K-^[XvX] 

= K-^[px\XvX] c if-i[0-i[T\F]] = (</)i^)-i[r\y] 

which shows (1). □ 

The Hst of topological properties V and Q satisfying the assumption of Lemma 
12.81 is quite wide and includes most of the important covering properties (see Ex- 
ample I2.16P . 

Remark. Lemma 12.81 (and thus its subsequent results) remains valid if one omits 
Q from its statement. This is because one can replace Q by regularity (note that by 
Theorem 3.7.23 of [5^ regularity is inverse invariant under perfect mappings and sat- 
isfies Mrowka's condition (W) vacuously) and observes that for this specific choice 
of Q the terms "Tychonoff space with Q" and '"P and Q is a pair of compactness- 
like topological properties" coincide with the terms "Tychonoff space" and "P is a 
compactness-like topological property" , respectively. 

Remark. Lemma 12.81 is stronger than what we normally need, as we generally 
apply Lemma l2.8l in the special case when Y = X ^ f = lAx and aT — /3T. Lemma 
12.81 is quite fundamental in our study and it is interesting to know whether the 
requirement "T' satisfies Mrowka's condition (W)" (implicit in the definition of the 
compactness-like topological property V) can be omitted from its statement. In 
Example 12.161 we give an example of a Tychonoff space X, a topological property 
V which does not satisfy Mrowka's condition (W) and a Tychonoff extension of X 
with compact remainder, for which the conclusion of (the special case of) Lemma 
Odoes not hold. 

In the sequel we will make frequent use of the following well known result some- 
times without explicitly referring to it. The proof is included here for the sake of 
completeness. 

Lemma 2.9. Let X be a Tychonoff space and let Y be a Tychonoff extension of X 
with the compact remainder Y\X — {pi : z G /} where pi 's are bijectively indexed. 
Let (j) : j3X — >■ /3Y be the continuous extension of idx ■ Let T be the space obtained 
from j3X by contracting any fiber (j)^^(pi) where i G I to a point a^. Then T = /SY 
( identifying each Oi with pi ) and (j) — q where q : (3X T is the quotient mapping. 

Proof. We first show that T is a compactification of Y . To show that T is Hausdorff 
let s,i e T be distinct elements. Consider the following cases: 

Case 1.: Suppose that s,t e T\{a, : i e L}. Then s,t e l3X\(p-^[Y\X] 
and thus there exist disjoint open neighborhoods U and of s and t in 
/3X, respectively, each disjoint from The sets q[U] and q[V] are 

disjoint open neighborhoods of s and t in T, respectively. 

Case 2.: Suppose that s = Oi for some i € I and t G T\{ai : i G /}. 
Then (j)~-^[Y\X] is a compact subset of /3X not containing t and thus there 
exist disjoint open subsets U and V of f3X such that C U and 

t &V. Now q[U] and q[V] are disjoint open neighborhoods of s and t in T, 
respectively. The case when s G T\{ai : i G 1} and t = Oj for some j & L 
is analogous. 
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Case 3.: Suppose that s — ai and t — aj for some i,j G /. Let Ui and 
Uj be disjoint open neighborhoods of pi and pj in l3Y, respectively. Then 
since (/""^[(/[(^"^[C^fc]]] = <f>~^[Uk] where k = i,j are open subsets of f3X 
and 4'~^{pk) ^ 0~^[C/fc] the sets g[(/>~^ [[/fc]] where k = i,j are disjoint open 
neighborhoods of s and t in T, respectively. 

This shows that T is Hausdorff and therefore it is compact, as it is a continuous 
image of PX. Note that F is a subspace of T. To show this first note that since /3Y 
is also a compactification of X, as X is dense in Y and thus in /3Y, and (f>\X = idx, 
by Theorem 3.5.7 of [5] we have 4>[l3X\X] = PY\X. Now if W is open in (3Y, 
since ^""^[^[(^""^[M^]]] = is open in (3X the set is open in T, and 

therefore WHY — q[(l)~^[W]] nF is open in y as a subspace of T. For the converse 
note that if W is an open subset of T then 

WHY = {l3Y\(l3[pX\q~\W]]) nY 

and therefore (since (/)[/3X\g^^[T4^]] is compact and thus closed in f3Y) the set T4^ny 
is open in Y in its original topology. Clearly, Y is dense in T and therefore T is a 
compactification of y . To show that T — f3Y it suffices to verify that any continuous 
/ : y — > I can be continuously extended over T. Indeed, consider the continuous 
mapping 

g = fq:S^XUcl>-^[Y\X]^I. 

Note that since X C S C px we have fiS ^ PX (see Corollary 3.6.9 of 0). 
Let (7/3 : PX — ^ I be the continuous extension of g. Define F : T ^ 1 such that 
F{x) = gpix) for any x G l3X\<j)~'^\Y\X] and F{pi) = f{p{) for any i € I. Then 
F\Y = f and since Fq — g^ is continuous, F is continuous. This shows that 
T ~ (3Y . Note, this also implies that (j> = q, a,s (f>,q : /3X — >■ /3Y are continuous and 
(j)\X = idx = q\X . □ 

The following simple observation will be of frequent use in the future, sometimes 
with no explicit reference. 

Lemma 2.10. Let X be a Tychonoff space and let V be a clopen hereditary topo- 
logical property which is inverse invariant under perfect mappings. Then X C X-pX 
if and only if X is locally-V . 

Proof. Suppose that X is locally-'P. Let x E X and let U be an open neighborhood 
of X in X whose closure c\xU has V. Let / : X — ^ I be continuous with f{x) = 
and f[X\U] C {1} and let fp : f3X — > I be the continuous extension of /. Let 
Z = /-i[[0, 1/2]] e ^{X). Then Z C J7 and thus Z has P, as it is closed in clxU. 
Now 

X e f-^ [[0, 1/2)] C mtpxdpxf-^ [[0, 1/2]] = intpxdpxZ C A^X 

and therefore X C X-pX. For the converse suppose that X C X-pX. Let x E X. 
Then x G XpX and therefore x S intisxclfixS for some S £ 2f{X) which has V. 
Let V — (int/3xcl^jf 5) n X. Then V is an open neighborhood of x in X. Since 
V S the set clxV^ has P, as it is closed in 5'. Thus X is locally-'P. □ 

Our next theorem gives characterizations of the elements of ^p{X). Compare 
with its dual result on &^{X) (Theorem [TT5|) . 



COMPACTIFICATION-LIKE EXTENSIONS 



11 



Theorem 2.11. Let V and Q he a pair of compactness-like topological proper- 
ties. Let X he a Tychonojf space with Q and let Y G S^{X). The following are 
equivalent: 

(1) Y &.£^{X). 

(2) For any p G Y\X the set (j)^^(ji)\\-pX is non-empty where (j) : j5X — >■ j5Y 
is the continuous extension of idx- 

(3) For any open subset V of Y such that c[x{V n X) has V we have V n 
{Y\X) = 0. 

(4) For any T G S^{X) and any continuous f : T Y such that f\X = idx, 
the mapping f is surjective. 

(5) For any T G S^{X) such that Y < T there exists a continuous surjective 
f -.T ^Y such that f\X = idx- 

Proof. Let : jiX — PY be the continuous extension of idx- (1) implies (2). 
Consider the subspace 

T = X U {p G Y\X : (t>-^{p)\XvX ^ 0} 

of Y. We show that T\X = </i[/3X\ApX]. First note that by Lemma [ZH we 
have ^X\\vX C ^-^^\X\ and that X is locally-P. Now if t G ^X\\vX then 
(l)(t) = p G Y\X and thus (^T^^ (j))\\-pX is non-empty, as it contains t. Therefore 
(^it) = p G T\X. This shows that 0[/3X\A-pX] C T\X. To show the reverse 
inclusion note that if p G T\X then there exists some t G (^^^ {p)\\-pX C ^X\\-pX 
and thus p = ^(t) G (/>[^X\ApX]. This shows that T G S{X). Now since 

by Lemma [231 it fohows that T G cfp(X). By the minimahty of Y we have T ^Y 
and in particular T\X = Y\X. 

(2) implies (1). Let T G S-piX) be such that T C y. By (the remark succeeding) 
Lemma we have ^X\ApX C ^-^\r\X\. Now if there exists some p G y\T then 

<l>-\p)\\vX c (p) n <^-\T\x\ = 

which contradicts (2). Thus T ^Y. This shows the minimality of Y. 

(2) implies (3). To show (3) let V be an open subset of Y such that V fl (^V-^^) 
is non-empty. We need to show that clx(^^ fl Al ) is non-'P. Let V — W DY where 
W is an open subset of /3Y. Let p G V D {Y\X). Let g : /3Y — I be continuous 
with g{p) = and g[l3Y\W] C {1} and let 

Z = (g0)-i[[O,l/2]]nXGir(X). 

Note that 

Z=(g0)-i[[O,l/2]] nX = <p-'[g-'[[0,l/2]]]nX 

= g-i[[o, 1/2]] c M/nx Fnx. 

Thus if clx(V^ n X) has V then its closed subset Z also has 7^. Now 

^-\p)(=^-'[g-'[[0,l/2)]] = [[0,1/2)] 

C int;3xcl/^x ((.90)"' [[0, 1/2]] n X) 
= iwtpxcipxZ C ApX 

contradicting (2). Therefore clx(^ n X) is non-P. 
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(3) implies (2). Suppose to the contrary that <j) ^{p)\^'pX = for some p £ 
Y\X. Then p ^ (p[(3X\X'pX]. Let W be an open neighborhood of p in f3Y such 
that clpyW n 0[;3X\ApX] 0. We have 

(j)-'^[clpYW]\XvX C (j)-'^[c\pYW]r](l3-'^[(j)[pX\X-pX]] 

= (j)-^[clpYW n 0[/3X\ApX]] = 

and thus 

ci^x(T^nx) = cipx{4>~'^[w]nx) = ci^x^'Mw^] ^ ^^McW^^l ^ V^- 

Lemma [23] imphes that clx(T4^ n X) has T'. Now = fl F is an open neigh- 
borhood of p in y such that clx(V^ H X) = cljs:(M^ n X) has P, contradicting 
(3). 

(2) implies (4). Let T £ S'^{X) and let / : T F be continuous with f\X = 
idx- Let : f3T f3Y and tp : jSX — > /?r be the continuous extensions of / 
and idx, respectively. Then since fpip\X — (plX we have fpip = (j>. Lemma [2.81 
implies that f3X\XvX C ip-^[T\X]. Also, for any p e Y\X, since ^"i(p)\A-pX is 
non-empty, p G 0[0^"'^(p)\A-pX]. Thus 

Y\X C U {0[rnP)\Ap^] : P e Y\X} C 0[/?X\ApX] 

= ff![i;m\XrX]] 

c /4^[v.-i[r\x]]] 

C fp[T\X]^ f[T\X]Cf[T]. 

Since /|X = idj^ this shows that Y C f[T], that is, / is surjective. That (4) implies 
(5) is trivial. 

(5) implies (2). Consider the subspace T ~ X U (l)[(3X\X-pX] of I3Y. By Lemma 
[Uwe have f3X\X-pX C and that X is locally-P. Thus 

T ^ XU (l)[pX\X-pX] CXIJ (t)[(t)-^[Y\X]] C X U iY\X) ^ Y. 

By Lemma \TW\ we have X C X-pX. Now r\X = 0[/3X\A-pX] is compact, and 
since 

r'[T\X] = [(/.[/3X\ApX]] D /?X\A7,X, 

by Lemma [M] it follows that T e S^{X). It is clear that F < T, as T C F. 
By (5) there exists a continuous surjective f : T —i' Y such that f\X = idx- But 
f\X — idrl^ which yields / — idy and therefore Y — f[T] — T. Now it is clear 
that for any 

p e Y\X = T\X = (l)[/3X\XvX] 
the set (f>^^ {p)\X-pX is non-empty. □ 

Remark. Theorem 12.111 fails if one omits the requirement "P satisfies Mrowka's 
condition (W)" (implicit in the definition of the compactness-like topological prop- 
erty V) from its statement (see Example l2.16p . 

In the next theorem we give characterizations of the elements of ff^{X). We 
need to prove a few lemmas first. 

Notation 2.12. Let X be a Tychonoff space and let F be a Tychonoff extension 
of X. Let (j) : f3X f3Y be the (unique) continuous mapping which extends idx- 
Denote 

.^x{Y)^{cl>-\p):peY\X]. 
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We may write ,^{Y) instead of ,'^x{Y) when no confusion arises. 

In [2D] the author associated to each compactification aX of a Tychonoff space 
X a set (called the (3-family of aX) 

= {f-\p) : p e aX\X} 

where : l3X -> aX is the continuous extension of idx ■ It is then shown that for 
any compactifications aiX and a2X of a Tychonoff space X we have aiX < a2X if 
and only if each set in .^a^ ^ subset of a set in ■ This provides the motivation 
for the statement of the next lemma. 

Lemma 2.13. Let X be a Tychonoff space and let Yi,l2 G '^{^)- The following 
are equivalent: 

(1) Y^<Y2. 

(2) Any element of ■!^{Y2) is contained in an element o/^(Yi). 

Proof. Let 0^ : (3X /3Yi where i — 1 , 2 be the continuous extension of idx ■ 
(1) implies (2). By definition there exists a continuous f Y2 ^ Yi such that 
f\X = idx- Let : PY2 f3Yi be the continuous extension of /. The continuous 
mappings fj3(j)2,4>i ■ — /3Yi coincide with idx on X and thus are identical. 
Also, since X is dense in as it is dense in Yi where i — 1,2 the space f3Yi 
is a compactification of X. Therefore since fp\X = idx, by Theorem 3.5.7 of [5] 
we have ff![PY2\X] = /3Yi\X. Now let F2 e J?(r2). Then F2 = for some 

p e Y2\X. By above fp{p) e PYi\X and thus f{p) £ Yi\X, as fpip) - f{p). Let 
Fi^cj)^\f{p)) e^{Yi). Then 

F2 - Cj,^\p) C 02^1 [f^'ifpip))] = {ff3h)-\Mp)) 

- 0r'(/Mp)) = ^1- 

(2) zmp/zes (1). We define / : ^2 ^ ^i as follows. If t e Y2\X then (j)2^{t) G 
=^(12) and thus by our assumption 4>2^{t) C (j}'^^{s) for some (unique, as 02 is 
surjective) s e Yi\X. Define f{t) ~ s in this case, li t E X define f{t) = t. 
We show that / is continuous, this will show that Yi < l2- By Lemma [2.91 the 
space /3I2 is the quotient space of PX obtained by contracting each 0^^(p) where 
p £ Y2\X to a point and (f)2 is the quotient mapping. Thus in particular Y2 is the 
quotient space of X U 0^^[l2\^] with the quotient mapping 

h\{XU <f>2'[Y2\X]) : X U cf>^'[Y2\X] ^ Y2. 

Therefore to show that / is continuous it suffices to show that f (l)2\{X LI (j)2^ [Y2\X]) 
is continuous. We show this by verifying that /02(i) = 0i(i) for any t £ X L) 
(f>2^[Y2\X]. This obviously holds iit e X. li t £ (f)^^[Y2\X] then (j)2{t) eY2\X. 
Let s e Yi\X be such that 0^^((?!)2(t)) C 0j'\s). Then /02(O = s. But since 
t £ (j)2^[4'2it)] we have t € (j^i^is) and thus (/'i(t) = s. Therefore f4>2{t) = 0i(i) 
also in this case. □ 

Lemma 2.14. Let X be a Tychonoff space and let V be a clopen hereditary topo- 
logical property which is inverse invariant under perfect mappings. Suppose that 
zee where Z £ ^(X), C £ Coz{X) and dxC has V . Then cXpxZ C X-pX. 

Proof. The zero-sets Z and X\C of X, being disjoint, are completely separated 
in X. Let / : X ^ I be continuous with f[Z] C {0} and f[X\C] C {1} and let 
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fl3:f3X^Ihe the continuous extension of /. Let S = /"^[[0, 1/2]] e 3f{X). 
Then 5 C C and therefore S has P, as it is closed in clxC. We have 

cl^x^ C Zifp) C /-I [[0, 1/2)] C int^xcl^x/"' [[0, 1/2]] = intfixclfixS C A^X. 

□ 

In the following theorem we characterize the elements of ff^{X). 

Theorem 2.15. Let V and Q be a pair of compactness-like topological proper- 
ties. Let X be a Tychonoff space with Q and let Y £ (S'^(X). The following are 
equivalent: 

(1) Yeff^ix). 

(2) (/)^"'"[y\X] = l3X\X-pX where <p : l3X — > l3Y is the continuous extension of 
idx- 

(3) For any Z G ^(X) such that Z C_ C for some C G Coz{X) such that clxC* 
has V we have dyZ n {Y\X) = 0. 

(4) For any T e S^{x) and any continuous injective f : T ^ Y such that 
f\X = idx, the mapping f is a homeomorphism. 

(5) For any T £S^{X) ifY <T then T S ^^{X). 

Proof. Let : fiX f3Y be the continuous extension of idx- (1) implies (2). By 
Theorem 12.111 the set (j)~^{p)\X'pX is non-empty for any p G Y\X. Let S be the 
space obtained from /3X by contracting each (j)~^{p)\X-pX where p G Y\X to a 
point Sp with the quotient mapping q : (iX — > S. Note that 5 is a continuous 
image of fiX. Therefore to prove that 5 is compact it suffices to show that it is 
Hausdorff. Suppose that s, z G 5 are distinct. Consider the following cases: 

Case 1.: Suppose that s,z G X-pX. Since s and z can be separated in X-pX 
by disjoint open subsets and X-pX is open in I3X they can be also separated 
in S. 

Case 2.: Suppose that s G XpX and z G q[l3X\XvX]. Let U and V be 
disjoint open neighborhoods of s and l3X\XpX in jSX, respectively. Then 
q^J] and q\V] are disjoint open subsets of S separating s and z. 

Case 3.: Suppose that s, z G q[l3X\XpX]. Let 

s = q[r\p)VvX] and z = q[r\y)\XvX] 

for some p,y <E Y\X. Let U and V be disjoint open neighborhoods of p 
and y in /SY, respectively. Then g[</)^-'^ [[/]] and (/[^^-'^ [V^]] are disjoint open 
subsets of S separating s and z. 

Define f : S ^ (3Y such that f{x) = p, if a; G <?[0~^(p)] for some p G Y\X, and 
f{x) — X otherwise. Note that this makes sense by the construction of PY and the 
representation of (j) given in Lemma l2.9l By the definition of / we have fq — (j) ^nd 
therefore / is continuous. Consider the subspace T = X [J q[(3X\XpX] of S. Note 
that by Lemma [2.101 we have X C XpX. Thus T contains X as a dense subspace. 
It is also clear that X, and therefore T, is dense in S. Since (3X\X-pX C q~^\T\X] 
and X is locally-T', as (Sp{X) is non-empty, by Lemma [2.81 we have T G S^{X). 
Now /|T : T — y is a continuous bijective mapping such that f\X = idx- Thus 
by the maximality of the topology of Y we have T — Y (identifying each Sp with 
p where p G Y\X). Now 5 is a compactification of Y and therefore there exists 
a continuous g : f5Y — s> S such that g\Y = idy. Since fg\Y — idy it follows that 
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fg = idpY- On the other hand gf\Y — idy which yields gf = ids and thus g — f ^. 
Now as noted before fq = (p, and therefore for any p G Y\X we have 

r\p) = ifq)-\p) = q-'[.r\p)] = q-\9{p)) = q-Hp) ^ rHp)VvX. 

Thus 4'-'^{p) C pXXX-pX for any p e Y\X and therefore C /3X\ApX. 

But by Lemma we have pX\\-pX C which shows the equahty in the 

latter. 

(2) implies (4). Let T e S^{X) and let / : T ^> F be a continuous injective 
mapping which fixes X pointwise. Let fp : /3T f3Y and -0 ■ (3T be the 

continuous extensions of / and idx, respectively. Since fjSiplX — idx — 4i\X we 
have ffjip — (f). Also f\T\X] C Y\X. To show the latter suppose to the contrary 
that f{t) e X for some t e T\X. Let U and V be disjoint open neighborhoods 
of f{t) and t in T, respectively. Since Y\X is compact, X is open in Y and thus 
[/ n X, being open in X, is an open neighborhood of /(t) in Y . Let be an open 
neighborhood of i in T such that f\W] C [/ n X. Since n F is open in T and it 
is non-empty, astGWr\V and X is dense in T, the set W r\V f^ X is non-empty. 
But ifxeM^nynX then x = f{x) G U, which is a contradiction, as ?7 n y = 0. 

Claim, //f e T\X and y = f{t) then ip-\t) C (t>-\y). 

Proof of the claim. We have y — f{t) — fpit) and thus t G fp^{y)- Therefore 

^-\t) c [/^-^(y)] = ifp^rHy) = r\y)- 
Claim. Ift e T\X and y = f{t) then i)-^{t) (t)^^{y). 

Proof of the claim. By the first claim 0~^(t) C Let z G (/i~^(y). By Lemma 

TSlwe have /3X\ApX C 0-i[T\X]. Thus since 

we have z G ?A-i[T\X]. Let 0(z) = G r\X and let y' = /(f) G By the 

first claim ip~^{t') C 4)^^{y') and therefore z G 4)^^{y'). Thus (t)~^{y) D 4)^^{y') is 
non-empty and /(t) = y = y' = fit'). But / is injective and therefore t = t' which 
yields z G ip~^{t') = ip~^(t). This shows that (j)~^{y) C ip~^{t) which together with 
above proves the claim. 

Claim. {i^-\t) : t G T\X} = {0-^2/) : V ^ ^\^}- 

Proof of the claim. By the second claim it suffices to show that for any y G Y\X 
we have (j)'^^{y) = ip~^it) for some t G T\X. Let y G F\X and z G l3X be such 
that 0(z) = y. By Lemma [2.81 we have /3X\X'pX C 0~^[T\X] and thus, since 

(f>~\y) C ^-^[Y\X] ^ l3X\XrX 

it follows that z G Vj-M^^V^]- Let t = -(/-(z) G r\X. Then z G 0-^2/) ^ ^^^i). 
If y' = /(i) then by the second claim ip-^it) = ^^Hy')- Thus 0-^2/) ^ 0-^(2/') is 
non-empty and therefore y ~ y' . Thus 4>^^{y) — <P^^{y') — i^^^it) which proves 
the claim. 



By Lemma [2.91 the spaces f3Y and f3T are respectively obtained from f3X by con- 
tracting the sets (j)~^{y) where y G Y\X and ip~'^{t) where t G T\X to points and 
(f) and ip are their corresponding quotient mappings. Thus by the third claim (j) = ijj 
and therefore 



[U {'^"'(y) y e ^\^}] = ^ U 0[|J {0-1(0 : t G T\X} 



= T. 
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This shows Y and T are equivalent extensions oi X. Let g : y — > T be a homeomor- 
phism such that g\X — idx- Then the continuous mapping fg:Y^Y coincides 
with idy on the dense subset X of Y. This (since Y is HausdorfF) iinphes that 
fg = idy and thus f = is a homeomorphism. 

(4) implies (1). Let Y' be the set Y equipped with a topology which is finer 
than the topology of Y and turns it into an element of S-p{X) = S'-p{X). Since 
f : Y' —i' Y defined by f{y') = y' for any y' £ Y' is continuous and injective, 
by our assumption it is a homeomorphism. This shows that the topology of Y is 
maximal among the topologies on the set Y which turn Y into an element of S'-p(X). 
Next, suppose that T G S'-p{X) is such that T C Y. Since the inclusion mapping 
f : T Y defined by f{t) = t for any t G T is continuous and injective, by our 
assumption it is a homeomorphism. But this implies that T = Y which proves the 
minimality of Y among the elements of S'-p{X). 

(2) implies (3). Let Z £ ^{X) be such that Z C C for some C £ Coz{X) such 
that clxC* has V. By Lemma [2.141 we have ci^xZ C X-pX. Let U be an open 
neighborhood of l3X\X'pX in PX which misses c\pxZ- Now (by the construction 
of I3Y and the representation of given in Lemma 12. 9|) the set 4>\U] is an open 
neighborhood of p £ Y\X in PY which misses Z. Therefore 

clyZ n {Y\X) = clpyZ n {Y\X) = 0. 

(3) implies (2). By Lemma EH we have ^X\ApX C 4>-'^[Y\X]. To show the 
reverse inclusion suppose to the contrary that t £ X-pX for some t £ 4)^^\Y\X]. 
Note that X-pX is open in PX. Let U be an open neighborhood of t in PX such that 
c\pxU C XvX. Let / : /3X -> I be continuous with f{t) = and f[PX\U] C {!}. 
Define 

Z = [[0, 1/3]] n X and C = [[0, 1/2)] n X. 

Then Z £ Jr(X), C £ Coz{X) and Z C C. Also, since clpxiU n X) = cl;3xJ/ C 
X-pX, by Lemma [2.41 the set clx(C^ Ci X) has P. Therefore, since 

c = [[0, 1/2)] nx cunx, 

the set clxC has V, as it is closed in dx{U D X). By our assumption this implies 
that dyZ n iY\X) = 0. But 0(t) £ r\X and thus (/)(t) ^ cl^yZ. Let V be an 
open neighborhood of (l>{t) in /3y such that V D Z = Now since 

</>-Mf] n(l>-^[z] = 4)-^[vnz] = 9 

it follows that 

Thus t ^ clfjxZ, which is a contradiction, as 

t £ /-I [[0, 1/3)] C cl^x {r^ [[0, 1/3]] nX)= clpxZ. 

(2) imp/ies (5). Let T £ (f^(X) be such that F < T. Let / : T ^ F continuously 
extends idx- Arguing as in (2) (4) we have f[T\X] C Y\X. Let fp: jST ^ jSY 
and '0 : — )> PT be the continuous extensions of / and idx, respectively. Then 
(j) = fjstp, as they coincide with idx on X. To show that T £ ^^(X), by Theorem 
12.111 it suffices to verify that ip^^{p)\XpX is non-empty for any p £ T\X. Let 
p £ T\X. Then 
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Now since = l3X\X-pX and is surjective, ^p^^{p)\XvX ~ ip^^{p) is 

non-empty. 

(5) implies (2). Note that (5) in particular implies that Y G ^p(X). Thus by 
Theorem l 2 . 1 1 1 the set 0~^(p)\A-pX is non-empty for any p G Y\X. Since by Lemma 
HHwe have /3X\XvX C (j)-'^[Y\X] and X is locally-T', to show (2) it suffices to 
verify that cj)-^[Y\X] C l3X\\-pX. Suppose to the contrary that (t)~^{p') n X-pX 
is non-empty for some p' G Y\X. Let t' G (t)~^{p') fl X-pX. Let Z be the quotient 
space of I3X obtained by contracting each (non-empty) subset <j)^^{p)\X'pX where 
p G Y\X to a point Zp with the quotient mapping q : jSX — Z. Then as in (1) => 
(2) one can verify that Z is compact. Consider the subspace 

T = q[XU {(3X\XvX) U {t'}] 

of Z. Then T is a Tychonoff extension of X with the compact remainder 

T\X^q[{f3X\XvX)U{t'}]. 

Note that T is dense in Z and therefore Z is a compactification of T. Let / : /3T Z 
and V' : — > /3r be the continuous extensions of id^ and idx , respectively. Since 
fi/j : PX — > Z agrees with g on X we have /V' = q- By Lemma 12.81 and since 
l3X\X-pX C q-^[T\X] (and X is locally-7') it follows that T G <^^{X). We verify 
that Y <T, our assumption will then imply that T G ^^{X) from which we will 
derive a contradiction. By Lemma 12.131 to show that y < T it suffices to verify 
that each il]^^{t) where t G T\X is contained in 4)^^{p) for some p G Y\X. Let 
t G T\X. Note that by Theorem 3.5.7 of 5 (and since f\T = idr and Z is a 
compactification of T) we have f[PT\T] = Z\T and thus /"^O = {0- Therefore 

and thus by the definition of Z it follows that ilj~^{t) C (/>^^(p) for some p G 
This shows that Y <T. Consider the subspace T' = T\{t'} of T. Then T' is a 
Tychonoff extension of X with the compact remainder T'\X — q[pX\X-pX]. By 
Lemma and since /3X\A-pX C q-^[T'\X] (and X is locally-P) it follows that 
T' G S^{X). But this contradicts the minimality of T, as T' is properly contained 
in T. □ 

Remark. Theorem 12.151 fails if one omits the requirement "T' satisfies Mrowka's 
condition (W)" (implicit in the definition of the compactness-like topological prop- 
erty V) from its statement (see Example 12.161 below) . 

In the following we provide examples of pairs V and Q of compactness-like topo- 
logical properties. The topological properties V and Q assumed in the statement 
of Lemma [2?8l (and thus in the statements of all its corollaries which constitute the 
main results of this article) are required to be a pair of compactness-like topological 
properties. 

Example 2.16. Let a, 6, k and ^ be infinite cardinals and let X be a Hausdorff 
space. For a collection £/ of subsets of X and an x G X let 

0{x,£/) = card({A e : x e A}). 

For more details on the following definitions see [1], [33] and [38]. The space X is 
called (2) fi-Lindeldf ((3) [0, K\-com,pact, respectively) if every open cover of X (of 
cardinality < k, respectively) has a subcover of cardinality < fJ- {< 0, respectively). 
The space X is called (4) paracompact (5) metacompact (7) subparacompact (11) 
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para-Lindelof (12) meta-Lindeldf (lA) screenable (15) a -metacompact (9) a-para- 
Lindeldfii every open cover oi X has a (4)' locally finite open (5)' point-finite open 
(7)' (j-locally finite closed (11)' locally countable open (12)' point-countable open 
(14)' tj-disjoint open (15)' cr-point-finite open (9)' cr-locally countable open refine- 
ment. The space X is called (16) weakly 9~refinable (8) 9-refinahle (or submetacom- 
pact) (17) weakly 59 -rejinahle (13) 56 -refinable (or submeta-Lindeldf) if every open 
cover of X has an open refinement f — {Jifn ■ n e N} such that for any x G X 
there exists some ti e N with (16)' < 0{x, Yn) < (8)' < 0{x, Yn) < and 
each r„ covers X (17)' < 0(a;,r„) < Kq (13)' < 0(a;,r„) < Ho and each r„ 
covers X. The space X is called (10) a-bounded if any subset of X of cardinal- 
ity < a has compact closure in X. Moreover, let (1) be compactness and (6) be 
countable paracompactness. 

Let V = regularity + (z) where i ~ 1, . . . , 10 and Q = regularity + (i) where 
i = 1, . . . , 17. Then V and Q is a pair of compactness-like topological properties. 
That Q is hereditary with respect to clopen subsets follows from Theorem 7.1 of [1]. 
Also, by (modification of) Theorem 3.7.24 and Exercise 5.2.G of ^5j and Theorem 
5.9 of [IJ it follows that Q is inverse invariant under perfect mappings. (For the 
case of Qf-boundedness note that for a perfect surjective f : X ^ Y, when Y is 
a-bounded, ii A C X has cardinality < a then card(/[v4]) < a and thus cly/[^] is 
compact. But since 

Acr^[f[A]] cr^[c\yf[A]] 

and the latter is compact (as / is perfect), its closed subset clx^ also is compact, 
that is, X is a-bounded.) Next, we verify that Q satisfies Mrowka's condition (W). 
We prove this for the cases when Q is paracompactness and subparacompactness. 
The remaining cases can be proved analogously. 

Let Q be paracompactness (subparacompactness, respectively). Let X be a 
TychonofF space, let p £ X and let ^ an open base for X a.t p such that X\B 
is paracompact (subparacompact, respectively) for any B G Let ^ be an 
open cover of X. Let p G B <Z dxB C U where U G ^ and B G ^. Then 
y — {V\B : y e ^ } is an open cover of X\B. Thus there exists a locally finite 
open (in X\B) refinement ^ of (a cr-locally finite closed (in X\B) refinement 
W oi y, respectively). Now if 

^ = {X\clxB -.W eW}U{U} 

{£/ = WU{clxB}, respectively) then £/ is a, locally finite open refinement of ^ {x/ 
is a cr-locally finite closed refinement of , respectively). Thus X is paracompact 
(subparacompact, respectively). 

Note that a-boundedness satisfies Mrowka's condition (W) by Theorem 3.1 of 
[16j . That V is finitely additive and invariant under perfect mappings follow from 
Theorems 5.1, 5.5, 7.3 and 7.4 of [1] and Exercises 5.2.B and 5.2.G of [5]. The- 
orem 3.1 of [1^ provides a few more examples of topological properties satisfy- 
ing Mrowka's condition (W). Among them we mention of realcompactness and 
Dieudonne completeness which are hereditary with respect to clopen subsets and 
inverse invariant under perfect mappings (with Tychonoff domains); see Theorems 
3.11.4 and 3.11.14 and Problem 8.5.13 of [5]. That Dieudonne completeness is in- 
verse invariant under perfect mappings is well known, however, it can be proved by 
using the fact that a Tychonoff space X is Dieudonne complete if and only if for any 
p G I3X\X there exists a paracompact subset T of (3X such that X CT <Z px\{p} 
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(see Problem 8.5.13 of ^) and that paracompactness is inverse invariant under 
perfect mappings. 

In addition to the above topological properties the list of topological properties 
satisfying Mrowka's condition (W) includes: screenability, A^-compactness [27] . 
almost realcompactness 7^ and zero-dimensionality (see [16] and [17] for details). 

In the following we give an example of a topological property V which does not 
satisfy Mrowka's condition (W). At the same time we show that the requirement 
"T' satisfies Mrowka's condition (W)" (implicit in the definition of the compactness- 
like topological property V) cannot be omitted from the statements of Lemma [2T8l 
and Theorems 12.111 and 12.151 upon them the rest of this article rely. 

Example 2.17. Let X be a locally compact paracompact non-cr-compact space. 
Then X can be represented as 

(2.1) ^ = 0^. 

for some indexed set /, where each Xi where i G / is cr-compact and non-compact 
(see Theorem 5.1.27 and Exercise 3.8.C of [5]). Assume the representation given in 
(|2.ip . Let V be tr-compactness. Obviously, P is clopen hereditary, finitely additive 
and perfect. We show that V does not satisfy Mrowka's condition (W). Note that 
with the above notation 

XvX = (J |cl/3jf ( U X,^ : J CI is countablej. 

Also, note that since X is non-cr-compact, pX\X-pX is non-empty. Contract the 
compact subset /3X\X-pX of /3X to a point p to obtain a space T and denote by 
q : /3X — > T its quotient mapping. Note that T is compact (as it is a Hausdorff 
continuous image of /3X) and contains X as a dense subspace. Consider the sub- 
space Y = X \J {p} of T. We show that for any open neighborhood y of p in 
Y the set Y\V is cr-compact while Y itself is not cr-compact. Let V be an open 
neighborhood of p in Y. Let V' be an open subset of T such that V' flY = V. 
Then since p ^ V we have 

f3X\XvX = q-\p) C q-'[V'] 

and thus f3X\q^^[V'] C X-pX. Therefore by compactness 

l3X\q-^[V'] C clpx ( U U • • • U cl^x ( U = ^^^^ ( U ^0 
ieJi ieJm ieJ 

where m G N, each Ji, . . . , Jm C / is countable and J = Ji U • • • U Jm- Now 

Y\v ^ {/3X\q-\r]) n X C [J X, 

being closed in the latter (cr-compact) set is cr-compact. To show that Y is not 
cr-compact suppose the contrary and let Y — U^i where Kn is compact for 
any n G N. Let p G Kj where j G N. Then 

f3X\XvX = q-'{p)Cq-'[Kj] 

and thus A'„ — q^^[Kn] C X-pX for any j ^ n G N. Arguing as above for any 
j 7^ n G N we have 

Kn C Clpx ( U Xi) 
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where Hn C / is countable, but (since Kn C X) this imphes that Kn C IJ^g^ Xi. 
Let H = U,vn=i Then 

OO 

(2.2) U if„ C y X,. 

Choose some u G I\H. (This is possible, as H is countable and / is uncount- 
able, because by our assumption X is non-cr-compact and X^'s are cr-compact.) 
Since by our assumption Xu is non-compact, cl^x^nV^M is non-empty. Let 
t e cl^x-'^«\-'^M Q XvX. Then t e T\Y. We show that t e cIt^^j, contradict- 
ing the compactness of Kj. Let W be an open neighborhood of t = (7(f) in T. 
Then (/"^[Vl^] is an open neighborhood of t in /3X and therefore X„ fi (/^^[ly] is 
non-empty. Let x G X^ H g^^[T4^]. Note that 



00 

X [J {l3X\XrX) = q-'[Y] = q-'[\jK^ 

00 

= q-'[ y K„ 

By (|2.2p and since Xu n IJieH we have x ^ Uj^n=i ^'^^ ^^^^ ^y the 

above a; G g~"'^[isrj]. Therefore a; = q{x) (1: W D Kj and thus fl Kj is non-empty. 
This shows that t G clrKj. Therefore Y is not cr-compact. Thus for this specific 
choice of V Mrowka's condition (W) fails. By Lemma [2.91 we have T = f3Y and if 
(j) : PX — >■ PY is the continuous extension of idx then (p ~ q. Also, by the above 
Y does not have V while </>~"'^[y\X] = l3X\X'pX. Therefore in the statements of 
Lemma 12.81 and Theorems 12.111 and 12.151 the requirement "V satisfies Mrowka's 
condition (W)" cannot be omitted. 

3. COMPACTIFICATION-LIKE "P-EXTENSIONS WITH COUNTABLE REMAINDER 

It is a well known result of P. Alexandroff that every locally compact non- 
compact space has a compactification with one-point remainder, called the one- 
point compactification or the Alexandroff compactification of X. One can consider 
■P-extensions with one-point remainder (see [3], [T^, [T3], [2] and [TS] for some 
recent results) or more generally, T'-extensions with countable remainder for various 
topological properties V. Below, after some definitions we sate some known results 
which motivated our study in this chapter. 

Definition 3.1. Let n G N. An extension with n-point (countable, respectively) 
remainder is called an n-point (a countable-point, respectively) extension. Similar 
definitions apply for compactifications. 

countable-point compactifications are also called Ho-point compactifications or 
countable compactifications. Throughout this article countable means countable 
and infinite. 

Notation 3.2. For a Tychonoff space X the set of all compactifications of X is 
denoted by J^^(A'). 

In [TH] K.D. Magill, Jr. gave the following characterization of those spaces which 
have an n-point compactification and thus generalized the well known result of P. 
Alexandroff. 
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Theorem 3.3 (Magill ^8j). Let X he a locally compact space and let n G N. The 

following are equivalent: 

(1) J(f{X) contains an element with n-point remainder. 

(2) X — K U Ui U ■ ■ ■ U Un, where K,Ui, . . . ,Un are pairwise disjoint, each 
Ui, . . . ,Un is open in X such that K U Ui is non-compact for any i = 
l,...,n. 

Also, in a separate article [T9|, K.D. Magill, Jr. characterized those spaces having 
a countable-point compactification with compact remainder. Recall that a space X 
is called totally disconnected if the (connected) components in X are the one-point 
sets. 

Theorem 3.4 (Magill fl9|). Let X be a locally compact space. The following are 
equivalent: 

(1) J(f{X) contains an element with countable remainder. 

(2) .J(^{X) contains an element with n-point remainder for any n S N. 

(3) .J(^{X) contains an element with infinite totally disconnected remainder. 

(4) l3X\X has an infinite number of (connected) components. 

K.D. Magill, Jr.'s studies were continued by various authors (see e.g. [2], [39] 
and [TT] among others). In pi] T. Kimura generalized K.D. Magill, Jr.'s result 
in [18] (Theorem 13. 3p and gave the following characterization of spaces having a 
countable-point compactification with compact remainder. 

Theorem 3.5 (Kimura 11 ). Let X be a locally compact space. The following are 
equivalent: 

(1) .J^{X) contains an element with countable remainder. 

(2) There exists a bijectively indexed collection {Un ■ n G N} of pairwise dis- 
joint open subsets of X with compact boundary and non-compact closure. 

In [23 J.R. McCartney generalized K.D. Magill, Jr.'s result still further. To 
state J.R. McCartney's result however, we need some preliminaries. 

Let A be an infinite compact countable space. As in [22] we define the successive 
derived sets A^'^) of A for any ( < il hy A^") = A, A^^+i) = (A^?))' and 

A(^) = f|{A(") : 77 < C} 

whenever C is a limit ordinal. Then A^^^'s form a decreasing sequence of compact 
subsets of A. Note that if for some ( < the set A'-'^'> is infinite then 
also is infinite, as otherwise, since 

A(';) = (A(«)\A(?+i))uA(^+i) 

the set will be a compact non-empty space without isolated points and 

therefore C A will be uncountable. Since 

(J{A(C)\^(C+i) : C < 17} C A 

and A is countable there exists some X < Q such that A^^'>\A^^^^^ ~ 0. Suppose 
that A is the least with this property. Then by above A''^^ is finite and thus it 
is empty. Note that A is not a limit ordinal, as otherwise, by definition A^^'' is 
non-empty, as it is the intersection of a collection of compact non-empty subsets 
with the finite intersection property. Let A = cr + 1. Then A^"'^ is non-empty and 
since (A^"'^)' — A*^^^ — 0, it is finite. We say that an infinite compact countable 
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space A is of type {a,n), where a < Q and n £ N, if card(A(°"^) = n. From the 
above discussion it is clear that the type of A exists and is uniquely determined. 

Theorem 3.6 (McCartney [23] )• Let X be a locally compact space and let < a < 
51. The following are equivalent: 

(1) .J^{X) contains an element with countable remainder of type (cr, 1). 

(2) There exists a family \^c, • C < '''} of infinite collections of pairwise disjoint 
open subsets of X with compact boundary satisfying the following: 

(a) For any I < a, U e and finite W C U{'^^ : < (} the set 
c\xU\[JW is non-compact. 

(b) For any distinct (,7] < a, J7 G and V G there exists a finite 
^ C : C < C} such that either 

c\xU\(vu[jW^ or {clxU r\clxV)\[jW 
is compact. 

(c) For any C < r] < a and U G there exists an infinite Y (~ such 
that for any V ^ Y there exists a finite W : ^ < ^} such that 
c\xV\{U [jyjW) is compact. 

It is worth to mention that the general problem of characterizing spaces with a 
countable-point compactification has been remained still open. (See |10j . also [3], 
for a characterization of metrizable spaces having such compactifications.) 

Our aim in this chapter is to generalize the above results to compactification-like 
7^ -extensions. Note that part (2) of the lemma below generalizes K.D. Magill, Jr.'s 
theorem in [1^ (Theorem 13. 4|) provided that one replaces V and Q, respectively, 
by compactness and regularity, and note that for these specific choices of V and 
Q and a locally compact space X we have \-pX = X and the two notions "F is a 
minimal 'P-extension of X with Q" and "F is a compactification of X" coincide. 

Lemma 3.7. Let V and Q be a pair of compactness-like topological properties. Let 
X be a Tychonoff space with Q. 

(1) Let n G N. The following are equivalent: 

(a) ^-pi^X) contains an element with n-point remainder. 

(b) ff^{X) contains an element with n-point remainder. 

(c) X is locally-V and /3X\X'pX contains n pairwise disjoint non-empty 
clopen subsets. 

(d) X is locally-V and j3X\\-pX has at least n (connected) components. 

(2) The following are equivalent: 

(a) ^.p{X) contains an element with countable remainder. 

(b) ffp{X) contains an element with countable remainder. 

(c) X is locally-V and j3X\\'pX contains an infinite number of pairwise 
disjoint non-empty clopen subsets. 

(d) X is locally-V and /3X\X'pX has an infinite number of (connected) 
components. 

(3) Let < a < fl and let n G N. The following are equivalent: 

(a) ^^{X) contains an element with countable remainder of type (cr, ri). 

(b) ^'^{X) contains an element with countable remainder of type {o'^n). 

(c) X is locally-V and there exists a family {J^q '■ C, < a} of collections of 
pairwise disjoint non-empty clopen subset of pX\X'pX satisfying the 
following: 
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(i) For any ( < a, card(.^) = Ho and card(J^) = n. 

(ii) For any Q < <J and H e we have 

H\\J{G e : V < (} ^ t 

(iii) For any C < i] < cr, H E J^q and G G either 
HCGU \J{F e ^4 : ^ < C} or n G C (J{F e : ^ < C}. 

(iv) For any C < V ^ '"^'^ H G i/ie sei 

|f G : ^ ^ ^ U |J{G G ^5 : C < C}} 
is infinite. 

Proof. (1). It is clear that (l.c) implies (l.d) and that (l.b) implies (l.a). (l.a) 
implies (l.c). Consider some Y G ^.p{X) with an n-point remainder Y\X = 
{pi, . . . ,pn}. Let (j) : (iX j3Y be the continuous extension of idx- Let Vi, . . . , 
be pairwise disjoint open neighborhoods of in j3Y , respectively. By 

Lemma [Ml we have j3X\\-pX C and that X is locally-7'. Let i = 

1, . . . , n. Then 

4>[r\Vi\\\vX] C (t)[pX\\vX] c 4>[4>-^[Y\x]] C Y\X 

and therefore 

[Fd\ApX] n c {Y\x) n = fc}. 

This gives 

cj>-\v,]\\vX c 0-i[(/.[0-i[y,]\ApX]] nr'[^^.] 

which implies that 

(3.1) m\\vx = ^-^{pi)\\vx. 

Let denote the set in (|3.ip . Then iJ^ is clopen in /3X\A7[7X and it is non-empty, 
as otherwise 

px\xvx c 4>-^[Y\x]\r\p^) = = r'[{Y\{p,})\x] 

which by Lemma [2.81 implies that the subspace Y\{pi] of Y has V, contradicting 
the minimality of Y . That iJ^'s are pairwise disjoint follows from their definitions. 

(l.d) implies (l.b). Let Gi,...,C„ be n distinct components of l3X\\-pX. 
Then arguing as in the proof of Theorem 2.1 of [19] and since in compact spaces 
components and quasi-components coincide, each component is the intersection of 
all clopen subsets containing it (see Theorem 6.1.23 of [5]). Since 

n 

Gi c {pX\\r,X)\ U Gk 

k=2 

with the latter an open subset of (3X\X-pX , by the compactness of j3X\\-pX, there 
exists a clopen subset Hi of (3X\\-pX such that 

n 

GiCHiC {/3X\\rX)\ U Gfc. 

k=2 
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Suppose inductively that for some j = 1, . . . ,ri — 1 the pairwise disjoint clopen 
subsets Hi, . . . , Hj of f3X\X-pX are defined in such a way that 

i—l n 
k=l k=i+l 

for any i = 1, . . . ,j. Note that Cj+i r\Hi = % when i = 1, . . . ,j. Thus 

j n 
C (/3X\ApX)\(|Ji/feU y Cfc). 

fe=l k=j+2 

Let i/j+i be a cfopen subset of f3X\X'pX such that 

j n 

Cj+i C C {pX\XrX)\(^ \jHkU y Cfc). 

k=j+2 

By Lemma [2.101 we have X C X-pX. Let T be the quotient space of /SX obtained 
by contracting the compact subsets 

n-l 

7Ji,...,iJ„_i,(/3X\ApX)\ y i/fc 

k=l 

of to points pi, . . . ,Pn, respectively. Then T is Tychonoff and contains X as 

a dense subspace. Consider the subspace Y ~ XLl{pi, . . . ,p„} of T. By Lemma [2^ 
we have Y e ^-^{X). Since T is a compactification of Y there exists a continuous 
mapping 7 : (3Y T such that j\Y = idy. Let : PX — j3Y be the continuous 
extension of idx- Then since 71/' |^ = idx — q\X we have — q. By Theorem 
3.5.7 of ig we have -t[PY\Y] = T\Y. Thus 

for any i ~ 1, . . . , n. Therefore 

V-^^i^VX] = q'^[Y\X] = pX\XvX 

which by Theorem [2J5] implies that Y g (^•p(X). 

(2). It is clear that (2.b) implies (2. a). (2. a) implies (2.d). Consider some 
Y e with countable remainder. Let : jiX j3Y be the continuous 

extension of idx- By Lemma 12.81 we have l3X\X-pX C (l)~^\Y\X] and that X 
is locally-P. Let n G N and consider some distinct elements pi, . . . ,pn £ Y\X. 
Define a continuous / : /3Y — [l,n\ such that /(pi) — i for any i — 1, . . . , n. Since 
is countable we can find some recti numbers r^, . . . , r^^-j-i such that 

ri<l<r2<2<---<r„<n< r„+i and ^ for any i = 1, . . . , n + 1. 

Let i = 1, . . . ,n. Define Bi = /^^[(r.^, ri+i)]. Then 

n n 
1=1 i=l 

Now (t)^^[Bi]\X-pX is non-empty, as i?i is non-empty and by Theorem 12.111 the 
set (t)~^{p)\X-pX is non-empty for any p G Y\X. Thus (t)~'^[Bi]\X-pX , where i — 
l,...,n, are n pairwise disjoint non-empty open (and therefore clopen, as their 
union is f3X\X-pX) subsets of [3X\X-pX which implies that pX\X-pX has at least 
n components. Since n is arbitrary the result follows. 
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(2.d) implies (2.c). Let C and D be distinct components of (3X\X-pX. Let U be 
open in (3X\X'pX and such that C C U and DCiU — Then arguing as in (l.d) 
(l.b) and since U is an open subset of liX\\-pX containing C there exists a clopen 
subset V of /3X\A-pX such that C C y C [/. Define to be either of the (non- 
empty) sets V or {j3X\\'pX)\V which misses an infinite number of components of 
l3X\X-pX. Now inductively suppose that Hi, ... , _ff„ are defined such that iJ^'s are 
pairwise disjoint non-empty clopen subsets oi l3X\X-pX and HiU - ■ - UHn misses an 
infinite number of components of /3X\X'pX. Let E and F be distinct components 
of (3X\X-pX missing iJi U • • • U and let W be open in pX\X-pX and such that 
E CW and F n = 0. Then since W\{Hi U • • • U iJ„) is an open neighborhood 
of E in l3X\X-pX , arguing as above there exists a non-empty clopen subset Hn+i 
of (3X\X'pX such that Hn+i O Hi = $ for any i — 1, . . . , n, and that it misses an 
infinite number of components of f3X\X-pX contained in {/3X\X-pX)\{HiU- ■ -UHn). 
The sequence Hi, H2, . . . consists of pairwise disjoint non-empty clopen subsets of 

pxxx-pX. 

(2.c) implies (2.b). Suppose that X is locally- 'P and that there exists a bijec- 
tively indexed sequence Hi,H2, ... of pairwise disjoint non-empty clopen subsets 
of pX\X-pX. By Lemma [2.101 we have X C X-pX. Let T be the space obtained 
from (3X by contracting the sets 

00 

{f3X\XvX)\\jHk,H2,H3,... 

k=2 

into points pi,p2, . ■ ., respectively, with the quotient mapping q : j3X — > T. Then 
T is compact, since as we show it is Hausdorff (and a continuous image of /3X). 
Suppose that x,y G T are distinct elements. We consider the following three cases: 

Case 1.: Suppose that x,y d X-pX. Since x and y can be separated by 
disjoint open subsets in X-pX and X-pX is open in /3X they can also be 
separated by disjoint open subsets in T. 

Case 2.: Suppose that x £ X-pX and y = pj for some j G N. Let P and Q be 
disjoint open neighborhoods of x and (3X\XpX in (3X, respectively. Then 
q[P] and q[Q] are disjoint open subsets of T separating x and y. The case 
when X = Pi for some i e N and y G XpX is analogous. 

Case 3.: Suppose that x = pi and y — pj for some i,j G N. Then either 
i > 2 or J > 2, say j > 2. Let P and Q be disjoint open neighborhoods 
of {f3X\XpX)\Hj and Hj in f3X, respectively. Then q[P] and q[Q] are 
disjoint open subsets of T separating x and y. 

Note that T contains X as a dense subspace. Consider the subspace Y ^ X L) 
{pi,P2, . . .} of T. Then 1" is a countable-point extension of X with the com- 
pact remainder Y\X = q[f3X\XpX]. Now since T is a compactification of Y and 
q~^[Y\X] ^ (3X\XpX, by Lemma[ll]we have Y G S^{X). To complete the proof 
we only need to verify that Y is optimal. But this follows by an argument similar 
to the one in (l.d) =^ (Lb). 

(3). It is clear that (3.b) implies (3. a). (3. a) implies (3.c). Consider some 
Y G ^^iX) with countable remainder of type {a,n). For any C < cr let 

(rU)(';)\(n^)(<;+i) ^{p\■.^^ Jc} 
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where pj's arc bijcctively indexed. Note that if C < a then card(J,j) = Hq, as 
otherwise, is finite and thus, since 

(y\x)('^) c (y\x)(^+i' = ((y\x)(^))' 

it follows that (y\X)('") = 0, contradicting card((y\X)('')) = n > 0. Also 

card(J<,) = card((y\X)(")\(y\X)('^+i') = card((y\X)(")) = n. 

Let = N for any ( < a and = {1, . . . , n}. For any ( < a and i €: Jc^ there 
exists an open neighborhood of p\ in /3y such that fl (y\X)(^) = {p\}. 
Indeed, we prove the following. 

Claim. For any ( < a there exists a collection {W^ : i € J(} of open subsets of 
j3Y such that n (y\X)(f) = {p^^} for any i G and nW^ = $ for any 
distinct i,j G J^. 

Proof of the claim. Let ( < a. We inductively define W^'s for any i & J^. Let be 
an open neighborhood of p\ in ^y such that cI^yW^ C For an m G N suppose 
that the open subsets W^, . . . , W4 of are defined such that W^ fl = for 
any distinct i, j = 1, . . . , m and that 

i-l 

pi G W,^ C cl^rW^/ C y/\cl^r( U ) 
for any i = 1, . . . ,m. Since 

ly/ n {Y\x)^<^ c n (y\x)(«) = {pi) 

this implies that VK/ n (y\X)(^' = {p^} for any i = l,...,m; also note that 
Pm+i t c^pvW^ . Thus V^j^-^\c\py{W^ U ■ • • U W^) is an open neighborhood of 
p^n+i in P^- Define W4_,_j to be an open neighborhood of p^+i snda that 

m 

The case when ^ = cr is analogous. 

Let C, < (J and i & Jc^. Let /^^ : (}Y — > I be continuous with ffip^) = and 
fi[PY\W^] C {1} and let r^ e (0, [y\X] which exists, as Y\X is countable. 
For convenience denote 

= if^r' [[0, ri)] and Oj = {f^y' [[0, rj]] 

and define 

where </> : pX pY is the continuous extension of idx- For any ^ < c let 

We verify that the collection : C ^ cr} h^is the desired properties. First note 
that for any ( < a and any distinct i,j G we have 
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By definition 's are open in j5X\\-pX. We show that ijf 's are closed in jiXXX-pX 
and they are non-empty. Let Q < u and i ^ Jq. Note that by the choice of we 
have 

{f^)-\ri)rMY\x) = ^ 

and thus 

(3.2) C^^r\{Y\X)^Din{Y\X). 
Therefore 

r'[chr^cp-^[Y\x] ^ r'[cHy\x)] = rM^^n(rU)] = r'[Di]ncp-^[Y\x]. 

By Lemma [Zll we have /3X\ApX C [r\X] (and that X is locally-T') which by 
above yields 

(3.3) - r\cf]\\vX = 0-i[i?^]\ApX. 

This shows that Tjf is closed in j3X\\-pX. Next, suppose to the contrary that 
= 0. Consider the subspace 

r' = X u {{Y\x)\cf) 

of Y . Then y is an extension of X and Y'\X is compact, as it is closed in Y\X. 
Also 

r'\Y'\x] = r'[{Y\x)\c^] = r^[Y\x]\r^[c^,] 2 px\\vx. 

Thus by Lemma [2.81 we have Y' £ S'^{X). Note that Y' is properly contained in 
Y, as ^ F', because fi{pl) = and thus e . But this contradicts the 
minimality of Y . This shows that each where C < cr, is a collection of pairwise 
disjoint non-empty clopen subsets of l3X\\-pX. Also, note that (3.c.i) holds, as 
card(J^) = card(Jij) for any C, <a. 

We now verify (3.c.ii). Let C, < <t and H G Mq. Suppose to the contrary that 

i/\|J{Ge :?7<C}-0. 

Let H = Hj for some i G J(^. Since Hf is compact, as it is closed in (3X\X-pX, 
there exists some Hf^ e with ij G J(;. and < Ci where j = 1, . . . , A; and 
G N, such that iJ C ijf^ U • • • U . Consider the subspace 

k 

Y' = Xu{(Y\X)\{cf\\jDj^' 
of Y. Using p.3p we have 



and thus 



(rU)\(cf\Uz?g 
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Note that Y'\X is compact, as it is closed in Y\X, and therefore by Lemma \2M we 
have y £ S^{X). We show that Y' is properly contained in Y. This contradicts 
the minimality of Y and proves (S.c.ii). Indeed, we verify that pi ^ Y' . By the 
definition of f'^ we have S Cj . Also, for any j — 1, . . . , fc we have ^ _D^^ , as 

otherwise since C W^' it follows that e Wi'".^ . But since Q < C, and thus 
Cj + 1 < C we have 

and therefore wf^ , being an open neighborhood of p\ in j3Y , has an infinite inter- 
section with {Y\X)^'^^\ contradicting the definition of wf\ 

Next, we show (S.c.iii). Suppose that C < V ^ '^^ H ^ J^q and G 6 J^. Let 
H = Hf and G = for some i G Jq and j G J,,. We have the following cases: 

Case 1.: Suppose that pj G Cj. First note that each p G Y\X is of the form 
p| for some £, < (J and k E J^. To show this let a < J7 be the least ordinal 
such that p ^ (Y\XY°'K Such an a exists, as {Y\X)^''+'^'> = 0, and it is 
necessarily not a limit ordinal, as otherwise 

pef]{{Y\X)^i^ ■.^<a} = {Y\Xy^"\ 

Let f be such that a = ^ + 1. Then p G and thus 

p — p\ for some k £ J^. Since I?^ C , by an argument similar to the 
one in (S.c.ii), for any p| G oj where k £ we have ^ < C if C = C 
then p| = Pi , as by the definition of we have D {Y\XY''^ — {pj}. 
Therefore in this case 

(D^AGJ) n iY\X) C {p« : C < C and k G JJ C \J{Gi : ^ < C and fc G 
which (since /3X\ApX C 0-i[y\X]) implies that 

c {{r'[D^]\r'[c]]) n^-'[Y\x])\x-pX 

C y {,?!)-i[Cf]\ApX : ^ < C and fc G J^} = |J{ijf : ^ < C and fc G JJ. 
Thus 

Ci7;u|J{FG J^4:e<C} 
and (S.c.iii) holds in this case. 
Case 2.: Suppose that p^ ^ Gj . Arguing as in Case 1 we have 

D^^ n G] n {Y\X) C {p« : e < C and fc G JJ C |J{C« : ^ < C and fc G JJ. 
Therefore 

H^nH] = (rMi?.f]nrMc;])\ApX 

C y {0-i[Cf]\ApX : f < C and fc G = y{ijf : ^ < C and fc G JJ. 
Thus (S.c.iii) holds in this case as well. 
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Finally, we verify (3. civ). Suppose that C < '7 ^ &i^d H e J^^. Let H — 
for some j E Jn- We first verify that 

c;n ((y\x)(^)\(r\x)(^+i)) 

is infinite. Suppose it is finite. Since 

p'j e (r\^)('') c (r\x)(^+i) = ((r\x)(^))' 

and Cj is an open neighborhood of in /3y the set 

c] n (y\x)K) = (c; n ((r\x)(';)\(r\x)(';+i))) u [c] n (y\x)(«+i)) 

is infinite. But then since by p.2p we have 

c; n (y\x)(';+i) = D] n (y\x)(^+i) 

the latter set is an infinite compact space without isolated points and therefore 
uncountable. This contradiction shows that p,^ G Cj for an infinite number of 
i G Jq. But if e Cj for some z e J^, arguing as in Case 1 of (3.c.iii) we have 

This shows (3. civ). 

(3.c) implies (3.b). Consider a family : C ^ of collections of pairwise 
disjoint non-empty clopen subsets of f3X\X'pX satisfying (3.c.i)-(3.c.iv). For any 
C < cr let = {Hj : I G J^} where 's are bijectively indexed. Note that if 

(C:*) 7^ ('7: j): where Ci?? < o"; * G >^c ^'I'i j € "^'f '^i' 7^ -^J- This is clear if 
C — TJy ^'^d if C < ?7 then it follows from (3.c.ii), as 

9^H:'\\J{Ge,^r-i<v}QH:'\Hj. 

Similarly, if 77 < C. Before we proceed with the main proof we prove the following 
generalized version of (3. civ). 

Claim. For any C, 771, . . . , 77^ < 77 < cr, where k is a non-negative integer (771, . . . , 77^ 
may not be distinct) H G aTid Hi G J^rn for any i — 1, . . . ,k, the set 

k 

(3.4) {i^ e : F C U H>j U|J{G G ^4 : ^ < C}} 

i=l 

is infinite. 

Proof of the claim. If fc = then the claim is simply (3. civ). Assume that k > Q. 
We use transfinite induction on rj. Suppose that 77 = 1, /c G N, • ■ • , < 'H^ 

H G J^rj and Hi G J^rj- for any i = 1, . . . , fc. Then • ■ • , = 0. By (3. civ) 
the set ^ = {i^ G : F C H} is infinite. Now since the elements of are 
pairwise disjoint, each F G ^\{Hi, . . . , Hk} misses Hi for any 7 = 1, . . . , fc, and thus 
F C H\{Hi U • • ■ U Hk). Therefore (|3.4p holds for 77 = 1. Now inductively suppose 
that p.4p holds for any £, < rj. Let Crji, . . . ,rik < rj < a, where fc G N, G and 
Hi G for any 7 = 1, . . . , fc. We may assume that 771, ... , 77;_i < rji = ■ ■ ■ = rjk 
for some I G N with I < k. Let 

k 

^ e : K C (^H\[j Hi^ L) [j{G G jq : £, < (}}■ 
We consider the following cases: 
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Case 1.: Suppose that r/k < C- Since C < ?7, by (3. civ) the set 
^ = |f e ^4 : CHU\J{G G =^ : ^ < C}} 
is infinite. Now for any F £ ^ we have 

k 

F\\J{G Gjq-.^KQC H\\J{G €jq:^<C}CH\\jHi 

i=l 

and thus F E J(f. Therefore in this case ,^ C J(f and thus J(f is infinite. 
Case 2.: Suppose that rjk = (■ By (3. civ) the set 

^ = ^F eJ^^ : F C HU [j{G G =^ : ^ < C}} 

is infinite. Let F e .^\{Hi, Hk}. Then each H, G = ^ where 
i = I, . . . ,k is disjoint from F G J^(. On the other hand, since rji < ( for 
any i = 1, ... ,1 — 1 we have 

i-i 

F\{G e i < O ^ H\\J Hi 

i=l 

which combined with above gives F G Therefore ^\{Hi, . . . , Hk} C 
and thus is infinite 
Case 3.: Suppose that rjk > C- Since r/^ < 77, by (3. civ) the set 

.^={L€J^^^:LCHU \J{G €jq:^< %}} 

is infinite. Choose some L G ^\{Hi, . . . , Hk}. Then 

L C H U\J{G G : ^ < rjk} 

and thus by compactness L C HuGiLi ■ ■ - U Gm, where Gi G , <r]k 
for any i = 1, . . . ,m and m G N. Now since 

C,^i,...,Cm,Vi,---,Vl-i <Vk<V 
by our induction assumption the set 

m l — l 

=F = {f G J^C : C y U y i/,)) U y{G G : ^ < C}} 

is infinite. If F G then 

m / — I m / — I / — I 

\J{G e jq ■■ ^ < Q ^ L\(^\jG^u\J H,) = (AyG.)\yi/iCi?\yF, 

i=l z=l i=l i=l i=l 

which together with the fact that L G Jt^^ is disjoint from Hi G J^rji = '^rik 
for any i = I, . . . ,k, gives 

F\[j{G € : ^ < C} C H\\J H,. 

i=l 

This shows that F G =y^^. Therefore =^ C and thus ^ is infinite in this 
case as well. 
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This proves the claim. 

We now return to the main proof. Fix some fc G Jo-- For any C ^ s-iid i & Jq 
define 

if (C, i) ^ (cr, k) and 

= {(3X\XvX)\ \J{H ejq:^<aandH^ H^} 

if {C,i) = {<J,k). 

Claim. The collection {P^ '■ C, ^ '^'^'^ i G J^} is bijectively indexed and partitions 
l3X\X-pX into pairwise disjoint non-empty subsets. 

Proof of the claim. We first show that 

(3.5) |J{i^^ : C < and i e Jc) = /3X\ApX 

Let X e l3X\XvX. If x ^ ijf for any C < and i ^ Jq, then clearly x £ P^. If 
otherwise, then there exists some C < cr such that x G iJ^^ for some i ^ Jq. Let C 
be the least with this property. If (C,*) ^ (c, fc), then by definition it is clear that 
X G P/. If (C, *) = (c, fc) then again a; G P^, as the elements of are pairwise 
disjoint and x ^ H ioi any H G with r/ < This shows p.5p . Next, we show 
that P^nPj = whenever C.rj < a, i ^ Jq, j ^ and (C, i) / (?7, i). First suppose 
that (C, i), [f], j) ^{a,k). If C = »y then clearly if n Pj* C Hj n ffj' = 0. If C < ?7 
then P^nP-^ C H^nPj' = 0. Similarly, if 77 < C- Next, suppose that (C, i) = (cr, k). 
Then P^'^ n Pj' C P^'^ n i/J' = 0. Similarly, if (77, j) = (ct, fc). Finally, we verify that 

Pj^'s are non-empty. Let C <^ and i ^ Jq. If {(, i) ^ (cr, k) then P^'' is non-empty 
by (S.c.ii). If (C,*) = (cr, fc), then again using (S.c.ii) we have 

%^Hj\[}{He^^c.i<(:}Qp^. 

The fact that P^' s are bijectively indexed is now immediate. 

Now let T be the space obtained from jSX by contracting each P^ where C ^ 
and i G J,;; to a point and denote by q : f3X — > T the corresponding quotient 
mapping. By Lemma 12.101 we have X C X-pX. Consider the subspace 

y X U {4 : C < cr and i G JJ 

of T. In the remainder of the proof we show that Y G ff^{X) and that the 
remainder of Y is of type (cr, n). We first show that T is Hausdorff. Let s, t G T be 
distinct. Consider the following cases: 

Case 1.: Suppose that s,t & r\{p^ ■ C < cr and i G J^}. Then s,t e X-pX. 
Now since X-pX is open in /3X and s and t can be separated in X-pX by 
disjoint open subsets they can also be separated by disjoint open subsets 
in T. 

Case 2.: Suppose that s G T\{pj : ( < a and i G J(;} and t = p'j for some 
r] < a and j G J,,. Then s G A-pX. Now if U and F are disjoint open 
subsets of PX containing s and f3X\XpX, respectively, then q[U] and q[V] 
are disjoint open neighborhoods of s and t in T, respectively. 
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Case 3.: Suppose that s — pi and t ~ pj for some Cri < a , i E Jq and j G J^. 
Without any loss of generahty we may assume that C ^ V ^-nd (C, *) =/= 
(cr, k). Since Hj is clopen in l3X\X-pX the sets and {l3X\XvX)\Hj are 
compact open subsets of f3X\X'pX. Let [/ and F be disjoint open subsets 
of PX such that 

^Un {l3X\XvX) and {l3X\XvX)\H^ = V H (/3X\ApX). 

We need to verify the foUowing. 

Claim. For any £, < (J and I ^ if D is non-empty then C H'^ . 

Proof of the claim. Suppose that Pi' Ci is non-empty for some ^ < u 
and / e J^. This imphes that {^,1) ^ (c, fc), as we are assuming that 
i) ^ (cr, k), and thus by definition n Hf = 0. Therefore 

P^^Hf\\J{He.Ji-a.:a<^}. 

Note that C < imphes that n ijf = and thus C < C- If C = 
then since P^^ n Hf C iJ^^ n -ff , the latter set is non-empty and therefore 
Pf C nf — . If C > ^, then by (S.c.iii) we either have 

fff ^ H^^ U |J{ff e : a < or ijf n i/f C \J{H £ jr„ : a < 

The latter case leads to a contradiction, as Pi n ijf C Hi n and 

P/ n [j{H G ; a < e} = 0. 

The first case gives Pf C ijf , which proves the claim. 

From the claim it follows that g~i[q[C/]] = U and g^^^t^]] = ^- Thus q[U] 
and q\V] are open subsets of T and they are disjoint. It is also clear that 
Pl e q[U], as P/ C Hj C L/. It remains to show that e ^[X^]. Note 

that by our assumption ( < rj. To show that Pj n iff = we consider the 
following cases: 

Case 3. a.: Suppose that C = V a-nd (rj.j) ^ {(J,k). Then since pj ^ p^ 
we have i j and therefore Pj' n ijf C i/J n i/f — 0. 

Case 3.b.: Suppose that ( = r] and (ry,j) = {a;k). By our assumption 
(C, i) 7^ (cr, A;) or equivalently ^ i?^. Therefore by the definition of 
P/ it follows that P/ n = 0. 

Case 3.C.: Suppose that C < ^7 and {r],j) ^ {cr,k). By the definition of 
P/ we have P/ C H]\Hf and thus P/ n ijf 0. 

Case 3.D.: Suppose that C < V and (77, j) = (cr, k). Then by the defini- 
tion of P'' it follows that Pj' r\Hf =(l). 
Thus in each case P/ n = 0. Therefore Pj' C {pX\X-pX)\Hf C F and 
thuspj e 

This shows that T is Hausdorff and therefore compact, being a continuous image 
of (3X. It is easy to see that T contains X as a dense subspace, and thus since 
X C y C T, it follows that T is a compactification of Y and that y is a Tychonoff 
extension of X. Also Y\X = q[(]X\X'pX] is compact. From these by Lemma [2.81 
we have Y e S.p{X). Now by Theorem 12.151 and an argument similar to the one in 



COMPACTIFICATION-LIKE EXTENSIONS 



33 



(l.d) (l.b) it follows that Y G ffv{X). It thus remains to show that Y\X is of 
type (cr, n), that is, card((y\X)('^)) = n. Indeed, we prove the following. 

Claim. For any C, < a we have 

(3.6) {Y\X)^^^ ^{p]-C,<r]<(J and j G J,,}. 

Proof of the claim. The proof is by transfinite induction on C,. Note that (j3.6p clearly 
holds when C = 0, as by definition (yyx)'"^ — Y\X. Suppose that < a < cr and 
that (|3.6p holds for any C < a. We show that p.6p holds for a as well. Consider 
the following cases: 

Case 1.: Suppose that a is a successor ordinal. Let a = 7 + 1. Then by our 
induction assumption 

(3.7) (r\X)(^) ^{p}:i<r,<a and j G J,,}. 

Let G (r\X)(") where ry < and j G J^. Since (y\X)(") C {Y\X)'^^\ 
by (13.71) we have j < rj. We show that j rj. Suppose the contrary. 
Clearly r] < a, as rj — n implies that cr = 7 < a. Let U be an open subset 
of PX such that — Ur\ {l3X\\-pX). Then as in the proof of the previous 
claim. Pi C i/J for any ^ < cr and I G such that Pi n i/J is non-empty. 
Thus (7~-^[(7[[/]] = U and therefore q\U] is open in T. Since (ry,j) 7^ (cr, fc), 
by definition Pj* C i/J C U . Thus (7[C/] is an open neighborhood of in T 
and therefore g[J7] n {Y\X)'^''^ is infinite. Choose some s G q 
such that s ^ pj^pf,. Then by (13.71) we have s — p\ for some 7 < ^ < cr and 

I G J^. Since G ^It^] the set P^'' n Hj is non-empty and thus Pi' C iJj. 
Consider the following cases: 

Case I.A.: Suppose that ^ > 7. Then since we are assuming that 7 = 

77, by the definition of Pj^ we have P^^ = P^ D = 0, which is a 

contradiction. 

Case I.e.: Suppose that ^ = 7. Then = 7 = ^ and therefore, since by 
the choice of s we have p^ ¥^ P]^ follows that 

p« = p« n H] c Hf nH] ^9 

which is again a contradiction. 
Thus in each case we are led to a contradiction which shows that 7 < 77 or 
a = 7 + 1 < r]. Therefore 

(3.8) (y\X)(") C {p^' : a < 77 < CT and j G J^}. 

Next, we show that the reverse inclusion holds in (|3.8p . Consider an element 
pj where a < rj < a and j G J,, . Let V be an open neighborhood of p^ in 
T. We show that V n (y\X)('') is infinite which proves that 

p] G {{Y\xp^y = (y\x)(T+i) = (y\x)("). 

First note that 

(3.9) H] C U [J{H G ^i^e : e < 

This readily follows from the definition of Pj in the case when (77, j) 7^ 
(cr, fc). If otherwise {ri,j) = (cr, fc), note that by the definition of Pj we have 
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From p.9p and by compactness there exist £,i < f] and ki e J^. where 
i — 1, . . . ,m and m g N such that 

m 
i=\ 

By the first claim and since 7, ^i, . . . , < the set 

m 

^ = e : F C U U|J{G G : ^ < 7}} 

1=1 

is infinite. Now for any Yf^ g ^ where I g J^, since (7,0 7^ i'^i^), as 
7 < a < (7, we have 

^7 = ^AUiG' e ^5 : ^ < 7} C U C 

i=l 

and thus p/ e Therefore V D {Y\X)^'f'> is infinite. This shows that 

p] e ((y\x)(^))' = 

which proves the reverse inclusion in (13.81) . 
Case 2.: Suppose that a is a limit ordinal. We have 

= Pi {Pj- : 7 < < and j G J,,} = {pj : a < 7? < cr and j G J^}. 

This completes the inductive proof of the claim. 
In particular, we have shown that 

card((r\X)('")) = card(J^) = n. 
Thus Y\X is of type {a, n). □ 

Remark. Note that in Lemma [3.71 above part (3) implies part (2), however, since 
the proof for part (3) is quite long and technical, a separate proof is given for part 
(2). 

The characterization given in Lemma 13.71 is external (to X). Our next theorem 
is dual to Lemma 13.71 and gives an internal characterization of those spaces which 
have a compactification-like P-extension with finite, countable and countable of 
type {a, n) remainder. But we need first a few more lemmas. 

Lemma 3.8. Let X he a Tychonojf space and let V be a clopen hereditary finitely 
additive perfect topological property. Then for any subset A of X if clpx A C X-pX 
then clx^ C Z C C for some Z G ^{X) and C G Coz{X) such that c\xC has V. 

Proof. The sets cl^x^ and /3X\X-pX are disjoint closed subsets of /SX and thus they 
are completely separated in PX. Let / : /3X I be continuous with /[cl^x^] ^ 
{0} and fi/SXXX-pX] C {1}. Let 

Z = f-^ [[0, 1/3]] n X G ir(X) and C = f-^ [[0, 1/2)] n X G Coz{X). 

Then clx^ C Z C C and since 

clpxC = c\px if-' [[0, 1/2)] n X) = dpxf-' [[0, 1/2)] C /-I [[0, 1/2]] C XvX 
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by Lemma [T4l the set dxC has V. □ 

Lemma 3.9. Let X be a Tychonojf space and let A be an infinite compact countable 
subset of X . Then there exists a bijectively indexed collection {Vn : n G N} of 
pairwise disjoint open subsets of X such that VnC\A is compact and non-empty for 
any n € N. 

Proof. We inductively define a sequence Vi, V2, . . . of pairwise disjoint open subsets 
of X such that VnC] A is compact and non-empty, A\clx{Vi U ■ ■ ■ UVn) is infinite 
and VnC] A ~ clxVn H A for any n G N. Let a,b € A he distinct and let / : X — > I 
be continuous with /(a) = and f{b) — 1. Since f[A] is countable there exists 
some r e (0, Either /-i[[0,r)] n A or f-'^[{r,l]] n A, say the latter, is 

infinite. Let Vi = f-^[[0,r)]. Since Vi n A = f-'^[[0,r]] n A is closed in A, it is 
compact, and thus since 

/-i[(r,l]] CX\/-i[[0,r]] CX\clxVi 

the set A\c\xVi is infinite and 

ViDA^ /-I [[0, r]] n A = clxVi n A. 

Suppose that for some rt G N the pairwise disjoint open subsets Vi,...,Vn of 
X are defined such that A\clx{Vi U ■ ■ ■ U Vn) is infinite, Vi H A is compact and 
non-empty and Vi O A ^ clxVi f) A where i = 1, . . . , n. Choose some distinct 
c,d G A\clx{Vi U • ■ • U Vn) and let g : X I be continuous with g{c) = and 
g{d) — 1. Choose some s G (0, l)\.g[j4]. Then at least one of 

n n 

[9-'[[0,s)]\c\x{[jVi)) n^and (^g-^[{s,l]]\c\x{[jVi)) CiA 

1=1 1=1 

say the latter, is infinite. Define 

n 

Vn+i=g-'[[0,s)]\c\x[\JV^. 
Then Vi, . . . , Vn+\ are pairwise disjoint and since (\xVn+\ C g~^[[0, s]] we have 

n n+1 

[(s, 1]] \cl^ ( U ) n ^ C A\cl^ ( U • 
Therefore A\<Axiy\ U • • • U Ki+i) is infinite. By the choice of V^'s we have 



n n 

A\\Jv^A\\Jc\xV. 

i=l i=l 
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Therefore 

n 

c\xVn+ir\A c (g-i[[o,s]]\|Jy,) 



n 

A\\JclxVA ng-'[[Q,s]] 



A\[jclxVi) ng-'[[0,s)] 



(.9"' [[0, s)] \ U clx V.) r\A^Vn+ir\A 



which imphes that Vn+i C]A — c\xVn+i C\A is compact, as it is closed in the compact 
set A. This completes the inductive step. □ 

Let X be a TychonofF space and let aX be a compactification of X . For an open 
subset U oi X , the extension of U to aX is defined to be 

^^^xU ^ aX\c\^x{X\U). 

If 7X denotes the Freudcnthal compactification of a rim-compact space (a space 
which has a base consisting of open subsets with compact boundary) X then for 
any open subset J7 of X we have c\ryxU\X = Ex-yjc[/\X (see [31], as mentioned 
in Using this, in [11 the author defined an appropriate upper semicontinu- 

ous decomposition of ^X and then proved that a locally compact space X has a 
countable-point compactification if and only if it has a pairwise disjoint sequence 
{Un '■ n G N} of open subsets each with compact boundary and non-compact clo- 
sure. Here we only deal with extensions in f3X . Also, we use the simplified notation 
ExxU instead of Ex^jcJJ. The following lemma is well known (see Lemma 7.1.13 
of [5] or Lemma 3.1 of [37]). 

Lemma 3.10. Let X be a Tychonojf space and let U and V be open subsets of X . 
Then 

(1) X n F,xxU = U and thus cl^xExjf [/ = disxU. 

(2) Exx(C/ nV) = Exx?7 n ExxV^. 

The following lemma is proved by E.G. Skljarenko in (32] ■ It is rediscovered by 
E.K. van Douwen in [57] . 

Lemma 3.11 (Skljarenko [35^ and van Douwen [37]). Let X be a Tychonoff space 
and let U be an open subset of X. Then 

hd/^xExxU = clpxhdxU. 

Lemma 3.12. Let X be a Tychonojf space and let V be a clopen hereditary topolog- 
ical property which is inverse invariant under perfect mappings. Let U be an open 
subset of X such that hdxU C Z CC where Z € 3f{X), C S Coz{X) and clxC 
has V . Then 

cli3xU\XvX = ExxU\\vX. 
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Proof. By Lemma 12.141 we have clpxZ C X-pX. The result then follows, as by 
Lemmas 13.101 and 13.111 we have 

dpxU = cl^xExxC/ = Exjf [/ U bd^jxExxC/ = ExxU U cl/ix'bdxU 

and clfjxMxU C cl^x^- D 

In |23| the author characterized those spaces which have a compactification with 
compact countable remainder of type {a, n) (Theorem l3.6p . Indeed, in the proof, for 
a given space X which satisfies the properties of Theorem 13.61 the author formed 
a new set Y by adjoining a set of points to X and he then constructed a topology 
on Y that turned it into a compactification of X with the desired properties. The 
proof given in Theorem l3.13f 3) below can be applied to give an alterative proof to 
this theorem of J.R. McCartney in [23] (Theorem 13. 6p . Also, note that parts (l.d) 
and (2.d) below generalize and give alternative proofs for the theorems of K.D. 
Magill, Jr. and T. Kimura in [l^ and [H], respectively (Theorems 13.31 and 13. 5| 
respectively). One should simply replace V and Q, respectively, by compactness 
and regularity and note that, for any compact subset A of a locally compact space 
X there exists a continuous / : X — > I such that f[A\ C {0}, and that /^^[[O, r]] is 
compact for any r € (0, 1). 

Theorem 3.13. Let V and Q he a pair of compactness-like topological properties. 
Let X be a TychonofJ space with Q. 

(1) Let 71 G N. The following are equivalent: 

(a) ^.p{X) contains an element with n-point remainder. 

(b) ff^{X) contains an element with n-point remainder. 

(c) X is locally-V and X — K U Ui U ■ ■ ■ U Un where K,Ui, . . . ,Un are 
pairwise disjoint, each C/i,...,[/„ is open in X with non-V closure 
and bdx^^ C Z C C for some Z G 2f{X) and C G Coz{X) such that 
c\xC has v. 

(d) X is locally-V and X = [/ U Zi U • • ■ U Z„ where U, Zi, . . . , Zn are 
pairwise disjoint, clxU has V and each Zi, . . . , Z„ G ^{X) is non-V. 

(2) The following are equivalent: 

(a) ^.p{X) contains an element with countable remainder. 

(b) ff^{X) contains an element with countable remainder. 

(c) X is locally-V and there exists a bijectively indexed collection {Un ■ 
n G N} of pairwise disjoint open subsets of X , each with non-V closure 
and such that for any n G N there exist some Z„ G 2f{X) and C„ G 
Coz{X) such that clx Cn has V and bdx C^n C Z„ C C„. 

(d) X is locally-V and there exists a bijectively indexed collection {Z„ : 
n G N} of non-V zero-sets of X such that X = Zi D Z2 ^ ■ ■ ■ and 
such that for any n G N there exist some non-V Sn G 3f{X) and 
Kn Q X such that Zn\Zn+i = S'n U Kn, where Kn ^ Tn Cn for 
some Tn G 3f{X) and C„ G Coz{X) such that clxCn has V. 

(3) Let < cr < r2 and let n GlSS. The following are equivalent: 

(a) ^.p{X) contains an element with countable remainder of type (cr, n). 

(b) ff^{X) contains an element with countable remainder of type {u,n). 

(c) X is locally-V and there exists a family {^c, '. C, < <j} of collections of 
pairwise disjoint non-empty open subset of X satisfying the following: 

(i) For any C, < a , card(^^) — Hq and card('^o-) = n. 
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(ii) For any C, < u and U G '^c^ there exist some Z G !^[X) and 
C G Coz{X) such that c\xC has V and bdxC/ C Z C C. 

(iii) For any ( < a, U £ "^q and finite Y C ■ V < (} the set 
clxU\[jy is non-V. 

(iv) For any C, < rj < (t , U £ and V G there exist some 
Z G ^{X) such that Z has V and a finite f C U{<^^ : C < C} 
such that either 

c\xU\{V CZ or (clA'?/nclxV")\|J'^ c z. 

(v) For any C, < f] < <J and U G 'Wr, there exists an infinite "V C 
such that for any V £ Y there exist some Z G !^{X) which has 
V and a finite W C : C < C} such that clx V^\(t/UU W) C 
Z. 

Proof. (1). By Lemma 13.71 it follows that (l.a) and (l.b) are equivalent, (l.a) 
implies (l.c). Consider some Y G ^^{X) with an n-point remainder Y\X — 
{pi, . . . ,p„}. Let Vi, . . . ,Vn be pairwise disjoint open neighborhoods of pi, . . . ,p„ 
in py, respectively. Let (j) : fiX — > f3Y denote the continuous extension of idx- Let 
i = 1, . . . , n. Let fi : j3X — > I be continuous with 

f^[rHp^)] ^ {0} and f,[pX\^-'m] C {!}. 

Let 

n 

U, = fr^ [[0, 1/2)] n X and K = X\\J U,. 

i=l 

Then X = if U ?7i U • • • U [/„ and since Ui C (/)^^ [Vi] (and ViS are pairwise disjoint) 
the sets K,Ui, . . . ,Un are pairwise disjoint. To show that dxUi has V suppose the 
contrary. Let 

S^f-'[[0,i/3]]nxe^{x). 

Then S has 7^, as it is closed in dxUi. Therefore 

<|}~\p^) C f-'[[0, 1/3)] C intpxc\px{fr^[[0, 1/3]] nX) = int^xcW^ C ApX. 

By Lemma [2.81 the space X is locally- and fiX\X'pX C </)^^[y\X]. Now again 
by Lemma l2.8l and since by above 

/3x\Apx c r'[Y\x]\r\p^) = r'[{Y\x)\{p,}] = r'[{Y\{p^})\x], 

the extension Y\{pi} of X has V. This contradicts the minimahty of Y. Let 

n n 

Z = Xr]\J /r\l/2) G ^{X) and C = X n U fr^ [(1/3, 2/3)] G Coz{X). 

i=l 1=1 

Arguing as in the proof of Lemma [3T7l ((l.a) (l.c)) we have 

^-\p,)\XvX ^ (l)-'[V,]\XrX. 
Therefore by the definition of fi we have 

n n 

clpxC C |J/ri[[i/3,2/3]] C |J {r'm\r\p^)) C XvX 

i=l i=l 
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which by Lemma [2.41 hupUes that c\xC has V. Fmally 
hdxK = clxK r\clx{X\K) 

n n 

c xn fl Z^' [[1/2,1]] nU/r^ [[0,1/2]] 

n n n 

= ^ n U n [[1/2, 1]] n fr^ [[0, 1/2]] C X n U /ri(l/2) 

i—1 j — 1 i—1 

which implies that hdxK ^ Z C C. 

(l.c) implies (l.d). First note that since Ui, . . . ,Un are pairwise disjoint and 
open, for any distinct i,j = 1, . . . , n we have hdxUi CiUj =0. Let i = 1, . . . , n. 
Then 

n n 

hdxU^ c {x\u^) n fl {x\u,)=x\\Ju,^K. 

i=ij = l j = l 

which combined with hdxUi C c\xUi C c\x{X\K) gives hdxUi C hdxK. By 
Lemma 13.121 this imphes that clpxUiXX-pX = ExxCA\A-pX; let Hi denote the 
latter set. By Lemma 12.41 the set Hi is non-empty, as by our assmnption clxUi is 
non-7^. Let fi : jSX —> I be continuous with 

h[H,] C {0} and /,[/?X\Exxf/z] C {1} 

if7 = l,...,n — 1 and 

n—l n—1 

fn 

Let 



{pX\\vX)\ U H^ C {0} and /„ [ |J cl^xU^ C {1} 



i=l i=l 



- [[0, 1/2]] n X e 2^{X) and C/ = X\ |J Z,. 

By the definition of fi we have Zi C Exx^/i for any i = l,...,n — 1. Now since 
Exxt/i's are pairwise disjoint (as C/^'s are; see Lemma l3.10|) Z^'s are pairwise disjoint 
when i = l,...,n — 1, and therefore when i = 1, . . . , n, as 

n-l 

z„ n U dpxU, = 

and Zi C cljsxUi for any i = l,...,n — 1, as ExxJ7i ^ cl/3xC^i (see Lemma TS.lOp . 
Since 

n n 

= ^\ U [[0, 1/2]] C 13X\ y /ri [[0, 1/2)] C ApX 

i=l 2=1 

we have cl^xC^ ^ ApX, and thus by Lemma [2.41 it follows that c\xU has V. To 
complete the proof we need to verify that Zi is non-7-*. But this follows easily, as 
otherwise 

C /-I [[0, 1/2)] C int^xcl,3x(/r' [[0, 1/2]] n X) = mtpxclpxZ, C \t,X 

which contradicts the fact Hi is non-empty. 

(l.d) implies (l.a). For any i = 1, . . . , n let /; : X — > I be continuous with 

i — 1 n 

h[Z^ C {0} and /, [ U Zfe U |J Z^j C {1} 

fe=l 
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and let Fi : [iX ^ I be the continuous extension of fi. 

Claim. Let r e (0, 1) and let i, j — 1, . . . ,n be distinct. Then 

cW/r'[[0,r]] ncl^x/-'[[0,r]] C A^X 

Proof of the claim. Let r < s < 1. By the definition of /j's and since Zi r\ Zj = % 
we have 

s = /r' [[0, s\] n [[0, s]] c {Zi uu)n {Zj uu)cu. 

li k = i, j then 

cW/fe-' [[0, r]] C [[0, r]] C p-' [[0, s)] C int^xcl^x/^-^ [[0, s]] 
and therefore 

cl/3x/r' [[0, r]] n cl;3x/7' [[0, r]] C int^^cl^x/r' [[0, s]] n mtpxcl^xfi' [[0, s]] 

= mt^x (cl^x/r' [[0, s]] n cl^xfi^ [[0, s]] ) 
= int^xcl^x (/r' [[0, s]] n /ri [[0, s]] ) 

= i'atpxclpxS. 

Note that 5 e ^{X) has "P, as it is closed in clxU, and thus mt^xcl^xS C ApX. 
Claim. Let r € (0, 1). Then 

n 

cw(n/r'[Ki]]) cApx. 

Proof of the claim. Let < t < r and let 

n 

Then 

<^^^x{rif-'[[r,l]])cf]F-^[[r,l]] C n^;-^[(M]] 

n 

f]mtfixc\(ixf-'[[t,l]] 



i=l 



c 



n 

mt0x{f]cl^xfr'[[t,l] 



Now since 



= int;3xcW(n/-i[[i,l] 

= int^jfcl/jjfT 

n n n 

T=f]f-' [[t, 1]] C fl {X\Zi) CX\\J z, = u 



i=l 



i=l 



i=l 



and clxC^ has V, its closed subset T has and therefore int/sxclfixT C ApX. 
Now let r e (0, 1) be fixed. Note that 

n n 

l3X\XrX = (^d0x ( U /r' [[0, r]] ) U cl;^^ ( fj /r' [[r, 1]] ) ) \Ap^ 
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and thus by the above claim 

n n 

pX\Xj,X = clf,x{[Jf-'[[0,r]])\\vX=\J {cl^xf-'[[0,r]]\XrX). 

i=l i=l 

By the first claim it now follows that l3X\\'pX is the union of n of its pairwise dis- 
joint closed (and thus clopen) subsets which are also non-empty, as Zi C /^"""'^[[O, r\] 
for any i — 1, . . . , n, and therefore since Zi is non-7^, using Lemma l2.4l we have 

^ dpxZMvX C c\pxf~^ [[0, r]] \\vX. 

(2) (2. a) implies (2.c). Consider some Y G ^^{X) with countable remainder. 
By Lemma there exists a bijectively indexed collection {Vn : n S N} of pairwise 
disjoint open subsets of fiY such that Bn = Vn n {Y\X) is compact and non-empty 
for any n G N. Let rt G N. Let /„ : f3X — > I be continuous with 

fn[r'[Bn]] C {0} and /4/3X\rMK]] C {1} 

where 4> : /3X (3Y is the continuous extension of idx and define J7„ = /rT^ [[0; 1 /2)]n 
X. Then [/„'s are pairwise disjoint open subsets of X. Also, clxUn is non-'P, as 
otherwise, arguing as in (l.a) (l.c) we have /~^[[0, 1/3)] C X-pX. Consider the 
subspace Y' = Y\Bn of Y. By Lemma we have ^XyX-pX C (l)-^[Y\X] and 
that X is locally-P. Since (t>-^ [Bn] Q /-^[[0, 1/3)] we have 

r'[Y'\X]^cb-'[{Y\Bn)\X] = ri[(r\^)\i?„] 

= 0-Mn^]\0"M5n] 3 PX\XrX. 

Now since = {Y\X)\Vn is compact, Lemma 12.81 implies that Y' has T', 

contradicting the minimality of Y . Note that 

hdxUn - clxC/„ n dx{X\Un) c /-^ [[0, 1/2]] H /-I [[1/2, 1]] n X = f-\i/2) n X. 
Therefore if 

Zn = /„"'(l/2) n X G ir(X) and C„ = /-^ [(1/3, 2/3)] nX e Coz{X) 

then bdjff/n Zn Q C„. Since /3X\ApX C (^^^[y\X], arguing as in the proof of 
Lemma ISTtI ffl-a) =^ (1-c)), we have 

cl>~^[Bn]\XvX = (l>-^[V,,]\X-pX 

and thus by the definition of /„ it follows that 

clpxCn C /-I [[1/3, 2/3]] C cl>-^[Vn]\cl>-^[Bn] Q X^X. 

By Lemma I^TH this implies that clxC*,! has V. 

(2.c) implies (2. a). Let {J7„ : n G N} satisfy the assumption of the theorem. Let 
n G N. By Lemma 13. 121 we have c\pxUn\XvX = Exjf C/„\A-pX; let iJ„ denote the 
latter set. Note that iJ„ is clopen in f3X\X'pX and that i?„'s are pairwise disjoint, 
as t/„'s are (see Lemma r3.10|) . Also, iJ„ is non-empty, as otherwise clpxUn ^ A-pX 
which by Lemma 12.41 implies that dxUn has V, contradicting our assumption. 

(2. a) implies (2.d). By Lemma [3.71 the space X is locally-P and there exists 
a bijectively indexed sequence Hi, H2, ■ ■ ■ of pairwise disjoint non-empty clopen 
subsets of (3X\XpX. Let n G N. Let /„ : I3X -> I be continuous with 

fn[{pX\XvX)\Hn] C {0} and /„[i?„] C {1} 
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and let 

n-l 

n /r'[[0,i/2]]nxe^(/3x) 

i=l 

with the empty intersection interpreted as (iX. Clearly X = D 3 • • • . Note 
that 

n—\ n—1 n— 1 

(3.10) C {pX\\rX)\ \jHi<z{^ {{(3X\XrX)\Hi) C f| /"i [[0, 1/2)] . 

i=l i=l i=l 

To show that is non-'P, suppose the contrary. Then 

n— 1 n—1 

fl /-I [[0,1/2)] C f|int;3xcl;3;f(/-i[[0,l/2]]nX) 

i=l i=l 

n-l 

1 

n-l 



nt^x(ncW(/r'[[0,l/2]]nX) 

n-l 

int;3;fCl;3;f ( f| (/"^ [[0, 1/2]] HX)) = int^xcl;3x^„ C ApX 



and therefore H„ C X-pX, which is a contradiction, as Hn Q l3X\X-pX is non- 
empty. Now 

n-l n 

Zr\z^+, = (n/r'[[o,i/2]]nx)\(fl/ri[[o,i/2]]nx) 

i=l i=l 

= (/3X\/-i [[0, 1/2]] ) n n /ri [[0, 1/2]] n X 

n-l 

= /-i[(i/2,i]]nn/r'[[o,i/2]]nx 

i=l 

n-l 

= if-' [(1/2, 2/3)] U [[2/3, 1]]) n n /ri [[0, 1/2]] n X = if„ U 5„ 



i=l 



where 



and 



Kr, = /-I [(1/3, 2/3)] n fl [[0, 1/2]] n X 



s„ = /-I [[2/3, 1]] n fl [[0, 1/2]] n X. 

i=l 

Then 5„ e ^(X) and C T„ C C„, where 

= /n ' [[1/2, 2/3]] n X G J^(X) and C„ = /"^ [(1/3, 3/4)] n X G Co0(X). 

Since 

cl^xCn = cl/sx if-' [(1/3, 3/4)] n X) C /-I [[1/3, 3/4]] C ApX 
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by Lemma Em the set clx Cn has V. If S'n has V, then using (|3.10p and arguing as 
above 

Tl-l 

Hn C [(2/3,1]] n fl /ri [[0,1/2)] C int^xcl/5x5„ C ApX 

i=l 

which as we argued above is a contradiction. Thus 5„ is non-P. Finahy, note that 
as argued above Q clpxSn, and therefore Sn is non-empty. This implies that 
Zn\Zn+i is non-empty and thus Z„'s are bijectively indexed. 
(2.d) implies (2. a). Let n e N. Then 

TL—l n — 1 

X^Zi=\J {Z,\Z,+i) u z„ = U {S^ u /^o u z„ 

i=l 1=1 

and thus 

n-l 

f3X ^[j {c\pxS^ U cl^xi^*) U dpxZn. 

i=l 

By Lemma [2 .141 we have d-isxKi C cljsxTi C A-pX for any j e N. Therefore 
l3X\XrX = y (cl^x^AAp^) U {d^xZ^VvX). 

i=l 

Since Si, ... ^ Sn~i, Zn G 3^{X) are pairwise disjoint, their closures in j3X also are 
pairwise disjoint. Thus by above f5X\\-pX is the union of n of its pairwise disjoint 
non-empty (as Si, ... , Sn-i, Zn are non-T'; see Lemma [2. 4p closed (and therefore 
clopen) subsets. Lemma 13.71 now completes the proof. 

(3). The equivalence of (3. a) and (3.b) follows from Lemma [37fl (3. a) implies 
(3.c). By Lemma [577l the space X is locaUy-P and there exists a family {J^q : C ^ 
of collections of pairwise disjoint non-empty clopen subsets of l3X\X-pX satisfying 
conditions (3.c.i)-(3.c.iv) of Lemma 15771 For any ^ < cr let — {Hf : i e J^} be 
bijectively indexed. Let = N for any C < and Jo- = {1, . . . ,n}. Also, for any 
C < <J and i ^ Jq let be an open subset of PX such that = A^^\X-pX. 

Claim. For any C, < (J there exists a collection {Wf : i G Jq\ of pairwise disjoint 
open subsets of PX such that W^\X-pX — for any i ^ Jq. 

Proof of the claim. Let C, < (J. We inductively define W^^s for i ^ Jq. Let 
be an open subset of (iX such that h[ C C cl^xW^i^ C A^. For an m G N, 
suppose inductively that the open subsets , . . . , of PX are defined in such 
a way that 

j-i 

C W// C cl^xW,^ C 4\cl^x( U Wj) 

for any i — 1, . . . , m. Note that H^^^ n clpxW^ — for any i — 1, . . . , m. Let 
W^m+i be an open subset of jiX such that 

m 

Hi+i C M^i+i C cWW-i+i C aI^Mpx{ U <). 
Similarly for the case when C, — a. 
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Let C !i ^-iid i J(. S ince is an open neighborhoods of the compcict (cinci 
thus closed) subset of /3X, there exists a continuous : /3X I with 

/f[i?^]C{0} and/f[/3X\W,^] C{1}. 

Define 

c^f = (/f)-M[0'i/2)]nx. 

Let '^^ = {[/f : i G Jcl for any C < a. We verify tliat tire family {'^c '■ C < 
satisfies (3.c.i)-(3.c.v). Let C ^ Let i e J(^. Since 

C (/f)-i[[0,l/2)] Ccl^x(/f)-M[0,l/2)] -cW((/f)-M[0,l/2)]nX) ^cl^xC/f 

and Hf is non-empty, C/^^ is non-empty. Also, for airy distiirct i,j 6 J(j we have 
f/f n JTj^ C W^'^ n Wj = 0. Thus the collection '^q = {U!^ : i e JJ is bijectively 
indexed and consists of pairwise disjoint non-empty open subsets of X. Note that 
(S.c.i) holds trivially. 

To show (S.c.ii) note that for any C f a-nd i ^ we have 

bdxC/f = cixC/fncix(x\c/«) c (/f)-i[[o,i/2]]n(/f)-i[[i/2,i]]nx c (/f)-i(i/2). 

Thus 

cl^xbdx{/-^\ApX C {f^)-\l/2)\\vX C )\ApX - 

which by Lemma 13.81 shows (S.c.ii). 

Next, we verify (S.c.iii). het C, < a,U ^ '^c and Y C U{'^^ : 77 < C} be finite. 
Suppose to the contrary that clxt^\ U ^ bas V. Let U = for some i G Jq and 
1^ = {C^//, • ■ • , C^/" J"' '^bere m is a non-negative integer, and rjk < C and j'fc G Jr,^ 
for any fc = 1, . . . , to. Let 

m 

^ = ((/^)-' [[0, i/3]]\ U if]:)-' [[0, 1/2)]) nxe nx). 

fc=l 

By above (/!^)-i[[0, 1/3]] n X C clxt/f. Thus S C clxC/\U^ and then 5, being 
closed in the latter, has V. This implies that 

m m 

U C (/f)-i [[0, 1/3)] \ U(/;'=)-i [[0,1/2]] C int^xcW^ C ApX. 

fc=l /c=l 

Therefore 

m m 

iff\U{G G ^4 : ^7 < C} C U H]: ^ U wj:) n (/3X\ApX) = 

fe=i fc=i 
which contradicts (3.c.ii) of Lemma 13.71 Thus (3.c.iii) holds. 

To show (3.c.iv) let C < ?y < cr, t/ G '^c and T/ G Then U = and V = Uj 
for some i ^ and j ^ Jri- By (3.c.iii) of Lemma 13.71 we either have 

(3.11) Hj^H]ij{j{Fe.yf^:^<Q 
or 

(3.12) Hj n i/; c |J{^ e : e < C}. 

We consider the following cases. For simplicity of notation let r — 1/2. Note that 
by the definition of for any Q ^ and i ^ we have 

i/f C (/f)-i[[0,r)]\ApX C (/f)-i[[0,r]]\ApX C W/,«\ApX = ijf 
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and therefore 

ifh'' [[0, r]] \XrX = iff)-' [[0, r)] \XrX = 

Case 1.: If (|XTT|) holds then by compactness C iJj U U • ■ • U i/f", 
where m is a non-negative integer, ^; < C ^-nd fc; G J^, for any / = 1, . . . , m. 
We have 

m m 

cW(clxC/f\(c/;'uUc/f:)) C(/^)-i[[0,r]]\((/;)-i[[0,r)]uU(/«;)-^ 
1=1 ;=i 

and thus 

m m 

cw(cixt/f\(c/; u U c/,«;))\ApX c Hf\(^H] u U 
1=1 1=1 

Now by Lemma [3.81 it follows that 

m 

cut/f\(c/;'uU^f:) czcc 



for some Z G and C G Coz{X), where clxC, and therefore Z, has 

V, as it is closed in clxC. Thus (3. civ) holds in this case. 
Case 2.: If ((3J2)) holds then by compactness ijf n H] C U • ■ • U i?^", 
where m is a non-negative integer, £,i < C and ki G J^, for any / = 1, . . . , m. 
We have 

m m 

1=1 1=1 

and thus 

m m 

((cix^f n c\xUj)\ U \ApX c (iff n U = 0. 

1=1 1=1 
Now as in the previous case (3. civ) follows. 
Finally, we verify (3.c.v). Let C < V ^ ^-nd U G '^j,. Then U ~ Uj for some 
j G Jfj- By (3. civ) of Lemma |3 . 71 there exists an infinite J ^ Jq such that 

i?^ Cij;u|J{GG^4:e<C} 
for any i ^ J. Now an argument similar to the one above shows that 

771 

c\xUf\{uJu\Jull)cZ 

1=1 

for some Z G J^{X) which has some non-negative integer m, some < C ^-nd 
some ki G J^, where I ~ 1, . . . ,m. Thus (3.c.v) holds. 

(3.c) implies (3. a). To prove (3. a) we verify condition (3.c) of Lemma 13.71 Sup- 
pose that X is locally-P and there exists a family {'2^'^ : C ^ of collections of 
pairwise disjoint non-empty open subsets of X satisfying (3.c.i)-(3.c.v). For any 
C < cr let = {U!l : i G J(;} be bijectively indexed. Then card( J,^) = Hg if C < o", 
and card(J(j) = n. Let C ^-i^d i £ Jq. Define 

Hf = dpxUj\\vX. 
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By Lemma [3.121 and (S.c.ii) we have — ExxW^XX-pX which shows that is 
clopen in /3X\X'pX. Also, H'^ is non-empty, as otherwise cl^xC^f ^ X-pX which by 
Lemma [2.41 imphes that c\xU^ has V, contradicting (S.c.iii). Since Hf C ExxU^ 
and Uf's are pairwise disjoint, by Lemma 13.101 the sets Hj's also are pairwise 
disjoint. For any ^ < f let = {Hf : i G Jq}, which is bijectively indexed, as 
Hj^s are non-empty, and for any distinct i,j G J( we have n Hj — 0. We 
verify that the family : C 5; has the desired properties. Condition (3.c.i) of 
Lemma [3771 holds trivially. 

To prove condition (3.c.ii) of Lemma l3.7l let H e for some C ^ f ! and suppose 
to the contrary that 

i/\ |J{G G : 77 < C} - 0. 

Then H = for some i & Jq. By compactness C H"^^^ U • • • U H'^^, where 
TO g N, 77; < C and ki g J,,, for any I — 1, . . . , to. We have 

rri m 

cl,x{clxU^\ U C/^;) C cl,xU^\ U Ex^C/,^; 
1=1 1=1 

and therefore 

cw(cixc/f \ u c^;?;)\A7^^ c Hj\ u i/,^; = 0. 
1=1 1=1 

Lemma 12.41 now implies that dxU^MU^l U • • • U Uj!'^) has P. But this contradicts 
(S.c.iii). 

Next, we show condition (3.c.iii) of Lemma l3.7l Suppose that Q < rj < a, H <E J^q 
and G G Let H = Hj and G = where i & Jc^ and j G J,,. By (3. civ) there 
exist a finite f C U{'^5 : ^ < C} and a Z G 2^[X) such that ^ has V, and either 

(3.13) cijfC/f\(c/;'u|Jr) CZ 

or 

(3.14) (clxC/f n clxC/;)\ U r C Z. 

Let 1^ = {t^fcji • • ■ jf^fc^}; where to is a non-negative integer, 6 < C and fc; G J^, 
for any I — 1, . . . , to. We consider the following cases: 

Case 1.: If ((3T3)) holds then 

m 

Exxijf C clpx^xxU^ = clpxU^ C c\px{u] U |J U z) 

1=1 

and thus 

m 

^xxU^\(c\pxU] U U cl^xC/|;) C int^^cl^xZ C XvX. 

1=1 

From this it follows that 

c G u y C G U |J{F G : ^ < C}. 

/=1 
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Case 2 . : If (|3.14p holds then using Lemma 13.101 we have 

m 

= cl^xExx (C/f r\Uj) = c\px{U^ n u]) c cl^x ( U ul\ u z) 

and thus 

m 

(ExxC/-^ n Exx[/;)\ y c\pxUl\ C mt^xcl/3xZ C A^X 
1=1 

which yields 

m 

if n G c IJ hI\ c |J{f e ^4 : e < C}- 

1=1 

This shows condition (S.c.iii) of Lemma 13.71 in either case. 

Finally, to show (3. civ) of Lemma 13 . 71 suppose that ( < rj < a and H G Let 
H = H^J for some j G Jrj- By (3.c.v) there exists an infinite J Q J( such that for any 
i e J there exist a Z e 3r{X) such that Z has V and a finite ^ C U{<^j : C < C} 
such that clxUf\{U] U[jW)C Z. Ar guing as above 

CHu\J{Fe,^r■^<0■ 
Thus 

eJi^^ : F CHU [j{G £ jq : ^ < 
is infinite. □ 

The following generalizes a theorem of K.D. Magill, Jr. in [19] (Theorem 13. 4p . 

Corollary 3.14. Let V and Q he a pair of compactness-like topological properties. 
Let X he a Tychonoff space with Q. The following are equivalent: 

(1) ^^{X) contains an element with n-point remainder (equivalently, (?^(X) 
contains an element with n-point remainder) for any n G N. 

(2) ^^{X) contains an element with countable remainder (equivalently, (?p{X) 
contains an element with countahle remainder) . 

Proof. This follows from Lemma 13.71 and the observation that f3X\\'pX has an 
infinite number of components if and only if l3X\\-pX has at least n components 
for any n G N. □ 

Theorem 3.15. Let V and Q he a pair of compactness-like topological properties. 
Let X he a Tychonoff space. 

(1) Let n e N. If X has a perfect image Y with Q such that ^^{Y) (ff^{Y), 
respectively) contains an element with n-point remainder, then so does X. 

(2) If X has a perfect image Y with Q such that^-p(Y) (ff^{Y), respectively) 
contains an element with countahle remainder, then so does X . 

(3) Let < cr < ri and let n G N. // X has a perfect image Y with Q 
such that ^^(Y) (ff^(Y), respectively) contains an element with countable 
remainder of type {a,n), then so does X. 
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Proof. We prove the theorem in the case of minimal extensions. From this and 
Theorem 13.131 the resuh will then follow in the case of optimal extensions as well. 

(1) . Suppose that f : X Y is a. perfect surjective mapping such that Y has 
Q (thus X also has Q, as Q is inverse invariant under perfect mappings) and that 
^^(Y) contains an element with n-point remainder where n £ N. Note that Y 
(having a Tychonoff extension) is Tychonoff and thus by Theorem 13 . 1 31 the space Y 
is locally-'P and Y — K U Ui U ■ ■ ■ L) C/„, where K, Ui, . . . ,Un are pairwise disjoint, 
each Ui, . . . ,Un is open in Y with non-'P closure and hdyK C Z C C for some 
Z e jr(y) and C e Coz{Y) such that cXyC has V. Then 

n 
i=l 

and /"^[if], /^^[C/i], . . . , J~^\Un] are pairwise disjoint. We show that the closure 
of each open subset J~^\Ui\, . . . , f~^\Un] of X is non-T'. Suppose to the contrary 
that c\x f~^\Ui\ has V for some i — 1, . . . , n. Now since 

is a perfect surjective mapping and V is invariant under perfect mappings, f[c\xf~^[Ui 
has v. Since / is surjective we have 

and since / is closed, it follows that clyUi C f[c\xf^^[Ui]] and thus dyUi, being 
closed in the latter has V. But this is a contradiction. Also, 

hdx r'[K] = c\xr'[K]ndx{x\r\K]) 

= c\xr\K]nc\xr\Y\K] 

C r^[dyK]nf-^[dy{Y\K)] 

= r'[dyKndy{Y\K)] = r^ihdyK] C /-^[Z] C f-^[C] 

and f^'^[Z] e ^(X) and f^'^[C] e Coz{X). Note that since the mapping 

f\r^[dyC] : r^[dyC] ^ dyC 

is perfect and surjective (since / is surjective), the set clyC has 'P, and (since V 
is inverse invariant under perfect mappings) the set f~^{dyC], and thus its closed 
subset clx/~^[C], has V. Finally, note that by Lemma [2.51 it follows that X is 
locally-'P. Thus the result follows from Theorem 13. 131 

(2) . This is analogous to part (1) using the characterization given in Theorem 

(3) . Suppose that / : X — F is a perfect surjective mapping such that Y has 
Q and that J^^iY) contains an element with countable remainder of type (cr, ri). 
Note that as in part (1) it follows that X has Q and Y is Tychonoff. By Theorem 
I3.13l the space Y is locally-P and there exists a family {'^^ : C ^ of collections of 
pairwise disjoint non-empty open subsets of Y satisfying conditions (3.c.i)-(3.c.v) 
of that theorem. For any ^ < cr let = {f~^\U\ ■ U S '^cl- Then each jz/^ where 
C < cr, consists of pairwise disjoint non-empty (since / is surjective) open subsets of 
X. We verify that : C satisfies condition (3.c.i)-(3.c.v) of Theorem 13.131 
Condition (3.c.i) holds trivially, as since / is surjective, each jz/^ where C ^ "'i is 
bijectively indexed and thus card(^^) = card(^f ) for any ( < a. Condition (3.c.ii) 
follows by an argument similar to part (1) and the fact that {"^c ■ ( < cr} satisfies a 
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similar condition. To show condition (S.c.iii) suppose to the contrary that for some 
C < cr, C/ e and finite C : r] < Q the set dx f^^[U]\f-^[[jy] has V. 

Since / is closed and surjective we have 

c\YU\\Jy c dYf[f-'[u]]\\Jr 

c f[dxr'[u]]\f[r'[[jr]]cf[c\xr'[u]\f-'[[jy]]. 

But the latter has V, as V is invariant under perfect mappings, thus its closed subset 
clyJ7\ y y has V, which is a contradiction. To show condition (3. civ) suppose that 
C < ?/ < (T, ?7 G and V € Since {'^^ ■ ( < cr} satisfies a similar condition, 
there exist a Z e ^{Y) which has V, and a finite ^ C : ^ < C} such that 

either 

cly c/\ {yyjyjr^ c z or (cly n ciyy)\ y r c z. 

Since f\f^^[Z] : f^^[Z] Z is perfect and surjective (since / is surjective) and 
V is inverse invariant under perfect mappings, f^^[Z] G ^{X) has V. In the first 
case 

dxr\u]\[r>]^r'[\Ji']) Q r'[dYU]\[r>]^r'[\J'r]) Q r'[z] 

and in the second case 

{dxr'[u]ndxf-'[v])\r'[\jy] c {r'[dYU]nr'[dYV])\f-'[\jy] 

The proof for condition (3.c.v) is analogous. Note that by Lemma [^751 the space X 
is locally-P. The result now follows. □ 

4. COMPACTIFICATION-LIKE T'-EXTENSIONS AS PARTIALLY ORDERED SETS 

In this chapter we consider classes of compactification-like 7^~extensions of a 
Tychonoff space X as partially ordered sets. We define two partial orders <inj 
and <surj (besides < itself) on the set of all extensions of X. These partial or- 
ders behave nicely when restricted to classes of compactification-like 7-" -extensions 
of X and their introduction lead to some interesting results which characterize 
compactification-like T'-extensions of X among all Tychonoff T'-extensions of X 
with compact remainder. We continue with study of the relationships between the 
order-structure of classes of compactification-like P-extensions of X (partially or- 
dered with <) and the topology of the subspace l3X\X-pX of its outgrowth f3X\X. 
This generalize a well known result of K.D. Magill, Jr. in [5D] which relates the 
order-structure of the set of all compactifications of a locally compact spaces X and 
the topology of the outgrowth f3X\X. We conclude this chapter with a result which 
characterizes the largest (with respect to <) compactification-like 7-" -extension of 
X. This largest element (which we explicitly introduce as a subspace of the Stone- 
Cech compactification /3X of X) turns out to be also the largest among all Tychonoff 
■p-extension of X with compact remainder. 

We start with the following definition. 

Definition 4.1. Let X be a space and let Y and Y' be extensions of X. We let 
y <inj y if there exists a continuous injective f : Y' ^ Y such that f\X = idx- 

The relation <inj defines a partial order on the set of all extensions of a space 
X. The following lemma (see also Lemma [4. 6p is a counterpart of Lemma [2. 131 
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Lemma 4.2. Let X be a Tychonoff space and let Yi,Y2 £ S'-p{X) be such that 
Yi <Y2. The following are equivalent: 

(1) Yi <inj Yi- 

(2) Any element of ^{Yi) contains at most one element of ^{Y2)- 

Proof. Let (pi : f5X f3Yi where i — 1,2, be the continuous extension of idx- 
Since Yi < I2 there exists a continuous f : Y2 ~^ Yi such that f\X = idx- Let 
fp '■ PY2 — ?► /3Yi be the continuous extension of /. As shown in the proof of Lemma 
Em we have //3(/>2 = 0i and f[Y2\X] CYi\X. 

(1) implies (2). Suppose that f '■ Y2 ^ Yi introduced above is moreover injective. 
Let p £ Yi\X and let pi S Y2\X where i — 1,2, be such that C (j)^^{p). 
Choose some Si G 4>2^{pi) for any i = 1, 2 (such s^'s exist, as (j)2 is surjective). Then 

/bl) = fpijPl) = /^(02(si)) = 0l(si) = P = <?!)l(s2) //3(02(S2)) = //3(P2) = /(P2) 

which imphes that pi — P2- Thus '/>2^^(pi) = ^(^2)- 

(2) implies (1). We show that the mapping f : Y2 ^ Yi introduced above is 
injective. Let pi £ Y2\X where i — 1,2, be such that f{pi) ~ f{p2) and let 
p £ Yi\X denote their common value. Note that 

02"^(k) C 02-1 C C^2'[fp\p)\ = {fp4>2)-\p) - ^^\P) 

for any j = 1,2, which by (2) implies that 02^i(pi) — 4>2^{p2) and therefore pi = 

P2- □ 

Notation 4.3. Let i? be a relation on a set X and let Y X. Denote 

R\Y={{y,x)eR:yeY}. 

In the next result we give an order-theoretic characterization of ff^{X). (Com- 
pare with its dual result Theorem 14.81 on ^-p{X).) Recall that a subset A of a 
partially ordered set {X, <) is said to be cofinal if for any x € X there exists some 
a E A with X < a. 

Theorem 4.4. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff space with Q. Then 

(1) 

ff^{X) = \Y : Y is maximal in {S.p{X),<inj )}. 

(2) 0'^{X) is the smallest cofinal subset of (S'-p (X) , <inj) . 

(3) ff^{X) is the unique cofinal subset of {S'-p (X) , <inj) on which the two 
relations <inj and = coincide. 

(4) 0'p{X) is the largest subset S of Sp(X) such that 

(4.1) (<„, \S) C= . 

Proof. (2). To show that Gp{X') is cofinal in Sp(X') with respect to <inj let 
Y £ Sp(X). Let (/) : fiX /3Y be the continuous extension of idx- By Lemma 
ESlthe space X is locally-T' and ^X\ApX C (j)-^[Y\X]. Also, by Lemma [2l0l we 
have X C X-pX. Let 

p = {peY\x ■.rHp)VvX^9}. 

Form the quotient space T of PX by contracting each subset (j)~^{p)\\'pX where 
p G P to a point tp and denote by q : PX — T its quotient mapping. Arguing as in 
the proof of Theorem 12.151 ((1) ^ (2)) it follows that T is compact. Consider the 
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subspace Z = X U q[f3X\X'pX] of T. Then Z is a Tychonoff extension of X with 
the compact remainder Z\X = q[(3X\\'pX]. Note that T is a compactification of 
Z. Let ip : (3X — )> /3Z and / : /SZ — > T be the continuous extensions of idx and 
idz, respectively. Since the continuous mapping ftp : j3X — T coincide with q on 
X we have /V' = g. By Lemma [lH and Theorem [2T5l to show that Z e ff^{X) 
it suffices to show that %l]~^[Z\X\ = (]X\X-pX. But this foUows, as by Theorem 
3.5.7 of 5 (and since /3Z and T are compactifications of Z and / is continuous 
with f\Z = idz) we have f[l3Z\Z] = T\Z and therefore 

i;-^[Z\X]=i,-^[r'[Z\X]] = {fij)-^[Z\X] = q-^[Z\X]^ pX\\vX. 

Note that for any p G P (and again, since f[f3Z\Z] = T\Z) we have 

Define g : Z ^ Y hy g{tp) = p when p d P and g{x) = x when x G X. By 
the proof of Lemma Ell ((2) =i> (1)) (note that V~^(^p) ^ 0"^(p) for any p G P) 
the mapping g is continuous, and by its definition, it is moreover injective. Thus 
Y <inj Z. This shows the cofinality of ff^{X) in S'^{X) with respect to <inj- 

To complete the proof we need to show that ff^{X) is contained in every subset 
,9' of S^{X) cofinal with respect to <,„j. Indeed, let Z G (e^{X). Then Z <,nj S 
for some S G We show that 5 and Z are equivalent extensions oi X. To show 
this by Lemma [2J3l it suffices to verify that ^{S) = ^{Z). Let %l; : PX PZ 
and tf : f3X — > (3S be the continuous extensions of idx • By Theorem 12.151 we have 
'>p-^[Z\X] = pX\\vX. Now since Z < S {as Z <,„j S) by Lemma [IHI for any 
s G S\X we have c/?"^(s) C ^"^(2) for some z G Therefore (^"^[^VX] C 

pX\X-pX and thus since by Lemma EH we have l3X\X-pX C ip-'^[S\X] it follows 
that v3-i[5\X] = l3X\\-pX. Now let s' G S\X. Then by Lemma El3] (and since 
Z < S*) we have ip~^is') C ^^''-{z') for some z' G Z\X. Suppose that ip^^{s') ^ 
There exists some s" G S\X such that s" / s' and (/^"^(s") n V^H^') 
is non-empty. Thus iy9^^(s") C ■il;~^{z'). But by Lemma 14.21 this implies that 
(p~^{s") = (p~^{s') which is a contradiction, as s" ^ s' (and (p is surjective). 
This shows that (/?"^(s') = V'"^(-z')- Therefore ^{S) C ^(Z). To show the 
reverse inclusion note that for any z G Z\X, since ■0~^(^) ^ /3X\ApX the set 
tl^~^{z) n (/9~"'^(s) is non-empty for some s G S\X, and thus -0^-'^(z) — ip~^{s), 
as -^{S) C =^(Z) (and the elements of ^{Z) are pairwise disjoint). Therefore 
,'^{Z) C ^{S) which shows the equality in the latter. By Lemma 12.131 we have 
S < Z and Z < S which implies that Z and S are equivalent. Thus Z £ S^. This 
shows that ^^{X) C y. 

(1). By Theorem 12 . 1 5 1 anv element of i)'p{X) is maximal in S'-p{X) with respect 
to <inj- The converse follows from part (2), as if F G S^{X) is maximal with 
respect to <inj then Y <inj T for some T G ^?^{X), which yields Y ~ T and thus 

y G ^l(x). 

(3). Note that by part (2) the set ff^{X) is cofinal in S^[X) with respect to 
<inj- Also, by part (1) the relations <inj and — coincide on ff^i^X). Now let 
S he a subset of S^{X) cofinal with respect to <inj and such that the relations 
<inj and = coincide on S. Let S* G <#". By the cofinality of ff^{X) (with respect 
to <inj) we have S <inj T for some T G ff^{X), and by the cofinality of <S we 
have T <inj Z for some Z £ S . Then S' <i„j Z and thus (since 5, Z G (?) we 
have 5 = Z. Therefore 5 = T which implies that S G (X). This shows that 
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C ^^{X). Note that by part (2) we have also ^^{X) CS', which together with 
above proves the equahty in the latter. 

(4). By part (1) the set ff^{X) satisfies (gH). Now let be a subset of <S'.^{X) 
which satisfies (gH]). Let S e S'. By part (2) the set ff^{X) is cofinal in S'-^{X) 
with respect to <inj- Therefore there exists some T g 0'p{X) such that S <inj T. 
By dm]) we have S = T which implies that S G (X). Thus S' C ff^{X). □ 

Definition 4.5. Let X be a space and let Y and Y' be extensions of X. We let 
y <surj Y' if there exists a continuous surjective / : F' — > F such that J\X — idx- 

The relation <surj defines a partial order on the set of all extensions of a space 

X. 

Lemma 4.6. Let X be a Tychonoff space and let Yi,Y2 £ (o-piX) be such that 
Yi <Y2. The following are equivalent: 

(1) Yl <surj ^2- 

(2) Any element o/^(Yi) contains at least one element of ^{Y2). 

Proof. Let (pi : PX f3Yi where i = 1,2, be the continuous extension of idx- 
Since Yi < Y2 there exists a continuous f '■ Y2 ^ Yi such that f\X = idx- Let 
fp '■ — ?> /?Yi be the continuous extension of /. As shown in the proof of Lemma 
2.12 of m we have fp<p2 = (pi and f[Y2\X] C Yj_\X. 

(1) implies (2). Suppose that / : — > Yi introduced above is moreover surjec- 
tive. Let pi G Yi\X and let p2 G Y2\X be such that f{p2) = Pi- Then 

^2\p2) c 02"Mr'(pi)] ^ </'2"'[/^"'bi)] = iu^r'ipi) = 4>i\pi)- 

(2) implies (1). We show that the mapping / : ^ Yi introduced above is 
surjective. Let pi G yi\X. Let p2 G i2\X be such that 4>2^iP2) C 
Choose an s G 4>2^{p2) (such an s exists, as (j)2 is surjective). Then since 

we have p2 = 02(s) G fp^{pi), which implies that f{p2) = //?(P2) = Pi- □ 

Lemma 4.7. Let P and Q be a pair of compactness-like topological properties. Let 
X be a Tychonoff space with Q. Let Y G .y£^{X) and let T G S^{X) be such that 
T<surjY. ThenT e ^^{X). 

Proof Let F G ,^{T). By Lemma |Ml there exists some G G ^(Y) such that 
G C F. By Theorem 12.111 the set G\\-pX is non-empty and thus F\X-pX is 
non-empty. By Theorem 12.111 the result follows. □ 

In the next result we give an order-theoretic characterization of ^^{X). 

Theorem 4.8. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff space with Q. Then 

(1) ^^{X) is the largest cofinal subset of <) on which the two rela- 
tions < and <surj coincide. 

(2) ^^{X) is the largest subset of {S'^{X),<gurj) i^i which ff^{X) is cofinal. 

(3) ^^(X) is the largest subset S" of S^{X) such that 

(4.2) (< \S) C<,„,j . 
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(4) ^^{X) is the smallest cofinal subset S' of {S'^{X), <) such that 

(4.3) ((^#(^) X £)n <snrj ) C <f X 

Proof. (1). First we show that ^^{X) is cofinal in S^{X) with respect to <. Let 
Y € <S'^{X). Let (j) ■ I^Y be the continuous extension of idjc . Consider the 

subspace 

T^Xyj{pe Y\X : (j>-\p)\XvX ^ 0} 

of y. We show that T e ^^(X) and Y <T. Obviously, T is a Tychonoff extension 
of X. By Lemma[2^we have l3X\X-pX C 0-i[r\X] (and X is locally-T') and thus 
T\X — (j)[f3X\X'pX] is compact. Also, since /3Y is a compactification of T and by 
the definition of T we have f5X\\-pX C 0^^[r\X], again by Lemma [2.81 it follows 
that T has both V and Q. Let ^j) : PX PT and f : PT ^ PY be the continuous 
extensions of idx and id^, respectively. The continuous mappings fij) and (j) agree 
on X, and therefore they are identical. Since fiY is a compactification of T (and 
f\T = idr), by Theorem 3.5.7 of [5] we have f[l3T\T] = (iY\T. Thus 

^-\p) = = (/V')-^(p) - 0-^(p) 

for any p G T\X . By Lemma [2?13] it then follows that F < T. By the definition of 
T we have 

^-\p)\\vX^(^-^{p)\\-pX^^ 

for any p e T\X, which by Theorem EUT] implies that T e ^^{X). 

By Theorem 12 . Ill the relations < and <surj coincide on ^-p{X). Now let S' be 
a subset of <S^{X) which is cofinal with respect to < and is such that the relations 
< and <surj coincide on S. Let S € S. By Theorem l44i;2) the set ff^{X) is 
cofinal in S'^{X) with respect to <. Therefore there exists some T G ^^{X) with 
S < T. By the cofinality of S' with respect to < there exists some Z E S" with 
T < Z. Then S < Z and thus (since S^Z E S) by our assumption S <surj Z. But 
by Theorem 12.151 (since T < Z) we have Z e ^^{X) which by Lemma [4.71 yields 
S e ^^{X). Thus <S C ^^{X). 

(2) . By the definitions we have ff^{X) C ^^{X). Also, if F £ ^^{X) then 
by Theorem|13i;2) we have F < T for some T G ff^{X) and thus by Theorem [^H] 
we have Y <surj T. This shows the cofinality of (A") in ^^(X). Now let S be 
a subset of S-p{X) in which ^^(A) is cofinal with respect to <surj- Let S & S". 
By the cofinality there exists some Z G ff^{X) with S* <surj Z. By Lemma HTTl we 
have S G ^^(A). Thus C 

(3) . By Theorem ISIIHl.e) the set S' = ^^(A) satisfies g^]). Now let S' be 
a subset of <S'^{X) which satisfies (g^l). Let 5 G By part (1) the set J^^{X) 
is cofinal in S^[X) with respect to <. Therefore there exists some Y G J^^{X) 
with S <Y. Thus 5 <s„rj by (g^l). By LemmaOit follows that S G J(^(X). 
Therefore S C 

(4) . By part (1) the set ^^(X) is cofinal in S^{X') with respect to <. Also, by 
Lemma O the set S = J^^{X) satisfies (gS]). Now let be a subset of S^(X) 
cofinal with respect to < and satisfies (|4.3I) . Let Y G ^^{X). By the cofinality of 
S" we have F < S* for some 5 G By Theorem 12. llf l.e'l we have Y <surj S and 
thus by (1131) it follows that Y eS". Therefore ^^(A) C □ 
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Recall that a partially ordered set {L,<) is called a lattice if together with any 
pair of elements a, 6 G L it contains their least upper bound a V 6 and their greatest 
lower bound a A b. Our next purpose is to generalize the following result of K.D. 
Magill, Jr. in [20] which relates the order-structure of the lattice of conipactifica- 
tions of a locally compact space X to the topology of the outgrowth /3X\X. (The 
theorem has been generalized in various directions; see |24j for a different proof 
of the theorem; see )31j for generalizations of the theorem to non-locally compact 
spaces; see [12] and [U for a zero-dimensional version of the theorem, and see [30] 
for extension of the theorem to mappings.) Our results here will relate the order- 
structure of classes of compactification-like 'P-extensions of a TychonofF space X 
to the topology of the subspace /3X\X-pX of f3X. 

Theorem 4.9 (Magill |20j). Let X and Y be locally compact non-compact spaces. 
The following are equivalent: 

(1) {J^{X), <) and {J(^{Y), <) are order-isomorphic. 

(2) /3X\X and I3Y\Y are homeomorphic. 

Remark. The above theorem fails if the spaces under consideration are not locally 
compact (see [35]). 

The following simple observation will be used quite often in the future (sometimes 
without explicit reference). 

Lemma 4.10. Let X be a Tychonoff locally-V space where V is a clopen hereditary 
finitely additive perfect topological property. Then X is non-V if and only if X-pX 
is non-compact if and only if X-pX ^ /3X. 

Proof. If X has V then by the definition of X-pX (and since obviously X G ^{X)) 
we have (3X — int^xcl^x-'^ Q X-pX. Thus XpX = (3X is compact. Note that if 
XpX is compact, then since X C XpX (as X is locally-'P; see Lemma I2.10p we 
have cl^x-'^ ^ XpX. Therefore by Lemma [2.41 the space X has V. □ 

Recall that if (A, <) and {B, <) are partially ordered sets, a mapping f : A ^ B 
is said to be an order-homomorphism if for any c, d G A we have /(c) < f{d) when- 
ever c < d. An order-homomorphism f : A ^ B is called an order-isomorphism 
if it is bijective and /^^ : B ^ A also is an order-homomorphism. Two par- 
tially ordered sets (A, <) and (i?, <) are said to be order-isomorphic (denoted by 
(A, <) = (i?, <)) if there exists an order-isomorphism between them. 

Lemma 4.11. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q. Then 

i^^{X),<) = {,jeiXpX),<). 

Proof. Let Y G (?^{X). Let (f) : fiX j3Y be the continuous extension of idx- 
Recall that f3Y is the quotient space of PX obtained by contracting each 0~^(p) 
where p G Y\X, to a point, with (j) as the corresponding quotient mapping (see 
Lemma [2. 9|) . By Theorem 12.151 we have (j)~^\Y\X] — /3X\XpX and thus we may 
assume that XpX C /SY. Also, X is dense in (3Y, as X is dense in Y and by 
Lemma [2. 101 we have X C XpX. Therefore XpX is dense in (3Y and thus (3Y is a 
compactification of XpX. Define 

Q:{^^iX),<)^ {j(r{XpX),<) 
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by 

e{Y) = I3Y 

for any Y e ff^{X). By the above 8 is well defined. We verify that 9 is an 
order-isomorphism. 

Claim. Q is an order-homomorphism. 

Proof of the claim. Let Yi < Y2 where Yi,l2 G ^^{X). By definition there exists 
a continuous f : Y2 ^ Yi such that f\X — idx- Let fp : /?F2 — > l3Yi be the 
continuous extension of /. By above fiYi 6 J(f{\'pX) for any i — 1,2. Then 
//jjA-pX = id^pX, as they both coincide with idx on X and thus by definition 

e(Yi) = < /3F2 = 6(^2). 

Claim. Q is surjective. 

Proof of the claim. Let T e J(r{\-pX). Consider the subspace Y = X \J {T\X-pX) 
of T. We verify that Y e ^^{X) and that e{Y) = T. Note that X is dense in 
T and therefore X is dense in y, as X is dense in X-pX and X-pX is dense in T. 
By definition X-pX is an open subset of (3X and thus it is locally compact. Also, 
X C XvX and therefore r\X = T\X-pX is compact. This shows that Y G <^(X). 
Also, (3X-pX = PX, as X C X-pX C ^X. Let 5 : /3X T be the continuous 
extension of id^^x- By Theorem 3.5.7 of 'SI we have g[l3X\XpX] = T\X-pX. Thus 

(iX\XvX ^ g-^[g[l3X\XpX]] = g-^[T\XvX] ^ g-\Y\X]. 

Since X is locally-'P, by Lemma [278l we have Y e S^{X). To show that Y is optimal 
let Z £ ^{X) be such that Z C C for some C G Coz{X) such that clxC has V. 
By Lemma [2. 141 we have c\pxZ C X-pX. Therefore since Z = g[Z] C glclpxZ] and 
the latter is compact, cIt.^ Q g[cli3xZ]. Since g[c\i3xZ] C ^[A-pX] = ApX we have 
c\tZ C XpX and thus 

clyZ n {Y\X) C cItZ n {T\XpX) = 0. 

Theorem 12.151 now implies that Y G (X). Let : /3X — > /3y be the continuous 
extension of idx- By Theorem 12. 151 we have ip^^[Y\X] — (3X\XpX which implies 
that (t)\XpX = id\j,x- (Recall the construction of PY and the representation of 
(f) given in Lemma 12.91 ) Let h : j3Y T he the continuous extension of idy. 
The continuous mapping h(j) : /3X — > T is such that h4>\X = idx — g\X and 
therefore hcj) = g. Thus (and since (l)\XpX — id^^x) we have h\XpX — g\XpX = 
idApX and therefore, since h\Y = idy and Y U XpX = /3Y it follows that h — 
id^y. In particular, id^y = h : (3Y — >■ T is continuous and it is surjective (as its 
image contains X and X is dense in T) and thus, since fiY is compact, it is a 
homeomorphism. Therefore T — f3Y = B(y). 

Claim. For any Yi,Y2 G ^^(X) if Q{Yi) < 6(^2) then Yi < Y2. 

Proof of the claim. Let e(Yi) < e(r2) for some Yi,Y2 G ff^iX). Since /3Yi < /3Y2, 
by definition there exists a continuous I : /3Y2 — > f^Yi such that l\XpX ~ idA^x- By 
Theorem 3.5.7 of [5] we have l[PY2\X-p X] = l3Yi\XpX. Note that Y,\X = PYi\XpX 
for any i = 1, 2. To see this, observe that if (pi : (3X /SYi where i — 1,2, denotes 
the continuous extension of idx then (3Yi is the quotient space of (3X obtained 
by contracting the fibers (/)~^(p)'s where p G Yi\X to points with the quotient 
mapping and by Theorem HH] we have = l3X\XpX. Therefore 
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Z[y2\^] = Yi\X. Thus l\Y2 : Y2 — i- Yi and obviously it continuously extends idjc- 
Therefore by the definition Yi <Y2- 

The third claim implies that & is injective and that is an order-homomorphism. 
This shows that & is an order-isomorphism. □ 

Recall that a partially ordered set (L, <) is called a complete upper semilattice 
(complete lower semilattice, respectively) if for any non-empty subset A of L the 
least upper bound V A (the greatest lower bound /\ A, respectively) exists in L. 
A partially ordered set (L, <) is called a complete lattice if it is both a complete 
upper semilattice and a complete lower semilattice. It is well known that for any 
Tychonoff X the partially ordered set ,J€{X) of its all compactifications, partially 
ordered with <, is a complete upper semilattice, and it is a complete lattice if 
and only if X is locally compact (see Propositions 4.2(a) and 4.3(e) of [29]). The 
following corollary of Lemma [4. 11 1 is now immediate. 

Corollary 4.12. Let V and Q be a pair of compactness-like topological proper- 
ties. Let X be a Tychonoff locally-V non-V space with Q. Then {ff^{X),<) is a 
complete lattice. 

The following theorem relates the order-structure of the set of optimal P- 
extensions of a Tychonoff locally-7^ space X and the topology of the subspace 
pXXX-pX of I3X. This generalizes K.D. Magill, Jr.'s theorem in [20] (Theorem [SI]) 
provided that one replaces V and Q, respectively, by compactness and regularity, 
and note that for these specific choices of V and Q and a locally compact space X 
we have X-pX ^ X and &^{X) Jf{X). 

Theorem 4.13. Let V and Q be a pair of compactness-like topological properties. 
Let X and Y be Tychonoff locally-V non-V spaces with Q. The following are 
equivalent: 

(1) {^^{X),<) and {ff^{Y),<) are order-is amorphic. 

(2) /3X\X-pX and l3Y\X'pY are homeomorphic. 

Proof. Note that X-pX is locally compact, as it is open in f3X, and by Lemma [4. 101 
(since X is non-'P) it is non-compact. Also, since X is locally-P, by Lemma [2. 101 
we have X C X-pX and thus (since XpX C (3X) we have (3X-pX = /3X. Simi- 
lar statements hold for Y. By Theorem 15.11 the partially ordered sets J^{X'pX) 
and ■J(^{X■pY) are order-isomorphic if and only if (3XpX\X'pX (= (3X\XpX) and 
f3XpY\X-pY {— l3Y\XpY) are homeomorphic. Now Lemma [4.111 shows the equiv- 
alence of (1) and (2). □ 

Our next purpose is to state and prove a result for minimal T'-extensions which 
is analogous to (1) ^ (2) in Theorem 14. 131 As we will see, there is no counterpart 
for (2) (1) in Theorem 14.131 in the case of minimal T'-extensions. This will be 
shown by means of an example. (This is the first place in this article where the 
duality between minimal 'P-extensions and optimal P-extensions disappears.) The 
example, however, is long and quite technical, and requires several lemmas. The 
reader who is not interested in the construction of the example may skip reading 
Lemmas K2T\ K22\ Km KM KM OOl 14311 031 and EM and replaces the role 
of Lemma [4.331 bv Lemma [4.321 in the proof of Theorem 14.361 ((1) ^ (2)). 

The following lemma is a counterpart of Lemma 4 in [20] . 
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Lemma 4.14. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally~V non-V space with Q. For an n G N, let Ki, . . . , Kn 
be n pairwise disjoint compact subsets of f3X\X such that Ki\X-pX is non-empty 
for any i = 1, . . . ,n. Then there exists a unique Y in ^^(X) such that 

n 

(4.4) ^{Y) = [{p} : p e (/?X\ApX)\ |J K,} U {K^, . . . ,if„}. 

i=l 

Proof. Let T be the space obtained from (3X by contracting the sets Ki, . . . , Kn 
to points pi, . . . ,p„, respectively, and denote by q : PX — > T its quotient mapping. 
Since KiS where i = 1, . . . , n are compact, T is Hausdorff and thus compact, being 
a continuous image of fiX. Consider the subspace 

n 

Y = q XU {pXXX-pX) ij[jK, 
of T. Then y is a Tychonoff extension of X with the compact remainder 

n 

Y\X = q\{pX\\vX)\j\jK, 



Note that T is a compactification of Y and thus by Lcmma [278l we have Y G S'^{X). 
Also, by Lemma [2791 if (p '■ PX — J> f3Y continuously extends idx, then (3Y coincides 
with the quotient space of /SX obtained by contracting each fiber 0~^(p) where 
p G Y\X to a point, that is, l3Y = T. This shows (g^]). The fact that Y G ^^{X) 
follows from Theorem 12. 11 1 

For the uniqueness part, let Y' G J^^{X) be such that ^iY') = ,^{Y). Let 
ip : /3X -> /3Y' be the continuous extension of idx- By Lemma l^T^ we have PY' = T 
and tp — q. Thus 



Y' 



X U {pX\\rX) u y = Y. 

□ 



1=1 



Notation 4.15. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally- 'P non-T' space with Q. Let n G N and let Ki, . . . , Kn 
be n pairwise disjoint compact subsets of PX\X such that Ki\\-pX is non-empty 
for any i — 1, . . . , n. Denote by ex{Ki., . . . , Kn) the unique element of ^^{X) 
such that 

n 

.^{ex{K^,...,Kn)) = [{p]:p^{pX\\vX)\[jK,^iJ{K^,...,Kn]. 

i=l 

The next lemma is a counterpart of Lemma 6 in |20| . 

Lemma 4.16. Let V and Q be a pair of compactness -like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q. Let Ki where i — 1,2, be a 
compact subset of PX\X such that Ki\X'pX is non-empty. Then 

(1) ex{Ki) AexiK^) ^ ex{Ki,K2), ifK^HK^^^. 

(2) ex{Ki) Aex{K2) ^ ex{KiU K2), z/i^iHi^s ^0- 
Here A is the operation in ^.p{X). 
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Proof. This follows from Lemnia r2.13l In part (2) note that if F G ^^{X) is such 
that Y < ex{Ki) for any i — 1, 2, then by Lemma [2. 131 we have Ki C Fi for some 
Fi G ^{Y). But by our assumption Ki n K2 is non-empty and thus Fi D F2 is 
non-empty, which implies that Fi = F2 . Therefore Ki U K2 C Fi and thus again 
by Lemma [2T31 it follows that Y <ex{KiUK2). □ 

Let {X, <) be a partially ordered set with the largest element u. An element 
a € X is called an anti-atom in X if a u and there exists no x ^ X with 
a < X < u. 

The following lemma is a counterpart of Lemma 9 in j20j . 

Lemma 4.17. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q. The following are equivalent: 

(1) Y is an anti-atom in ^-p{X). 

(2) Y = ex{{a,b}) for some distinct a,b PX\X such that either a ^ X-pX 
or b ^ X-pX. 

Proof Note that J^!^{X) has the largest element C^-pX ^ XLl{(3X\XpX). To show 
this first note that by Lemma [2.101 we have X C X-pX. Thus (pX is a Tychonoff 
extension of X which (since XpX is open in PX) has a compact remainder. Since 
X C CpX C px we have PCvX = /3X (see Corohary 3.6.9 of [5]). It follows 
from Lemma [m (with Y = X, f = idx, T = QpX, aT = I3X and 4> = idpx in 
its statement) that C,pX has both V and Q and from Theorem 1 2 . 1 1 1 that C,pX G 
^p{X). That C,pX is the largest element of ^p{X) now follows from Theorem 
[^Tlj and Lemma 

That (2) implies (1) is trivial. (1) implies (2). Suppose that Y is an anti-atom in 
^p{X). We show that except for a 2-element set the rest of the sets in ^(F) are 
singletons, the uniqueness part of Lemma 14.141 will then imply (2). Suppose to the 
contrary that there exist some distinct Fi,F2 G ^(Y) such that card(Fi) > 2 for 
any i — 1,2. By Theorem l2.1 li the set Fi\XpX is non-empty for any i = 1,2; choose 
some distinct ai,bi G Fi such that Oi ^ XpX. Then exi{ai,bi}), where i = 1,2, 
are distinct elements of ^^{X) and Y < ex{{ai, bi}), which contradicts (1). Thus 
there is at most one set in ,'^iY) which is not a singleton, and since Y ^ CvX, there 
is at least one such set. Let F G ,^{Y) be such that card(F) > 2. Suppose that 
card(i^) > 2. By Theorem l2.11l the set F\XpX is non-empty. Let a G F\XpX and 
let &, c G be distinct elements distinct from a. Then ex ({«,&}) and ex{{a,c}) 
are distinct elements of ^^{X) and Y < ex{{a,b}) and Y < ex{{a,c}). This 
contradiction proves that card(F) =2. □ 

Definition 4.18. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-P non-V space with Q. An anti-atom Y = ex {{a, b}) 
of ^p{X) is said to be of type (I) if {a, b] n XpX is non-empty, otherwise, Y is 
said to be of type (II) . 

The purpose of the next two lemmas is to give an order-theoretic characterization 
of anti-atoms of type (I) (and thus anti-atoms of type (II) as well) in ^^iX). 

Lemma 4.19. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q such that caTd{XpX\X) > 2. 
Then 
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(1) caTd(pX\X-pX) — 1 if and only if for any pair of distinct anti-atoms Y 
and Y' in ./^^{X) we have 

card({T : T is an anti-atom in ^^(X) and Y AY' < T}) = 2. 

(2) card(/3X\ApX) = 2 if and only if there exists an anti-atom Y in ^-p(X) 
such that for any anti-atom Y' in ./^^(X) with Y' ^ Y we have 

card({T : T is an anti-atom in ^^(X) and Y AY' < T}) = 3. 

(3) csLTd{/3X\X-pX) > 5 if and only if there exist some anti-atoms Y , Y' and 
Y" in J^^{X) such that 

card({T -.T is an anti-atom in J(^(X) and Y AY' AY" < T}) = 6. 

Here A is the operation in ^^{X). 

Proof. Since X is locally- 'P by Lemma [2.101 we have X C X-pX, and since X is 
moreover non-P, by Lemma 14.101 the set j3X\X-pX is non-empty. 

(1) . Suppose that card(^X\ApX) = 1. Let /3X\A-pX = {a}. 

Let Y and Y' be distinct anti-atoms in ^^{X). Then by Lemma [4. 171 we have 

r = ex({a,6}) and Y' = ex{{a,c]) 

for some 6, c S X-pX\X. By Lemmas l2.13l and l4.14l the elements b and c are distinct. 
By Lemma 14.161 we have 

Y AY' ^ex ({a, b}) A ex ({a, c}) = ex ({a, b, c]) . 

Using Lemmas 12.131 14.141 and 14.171 it now follows that there are only 2 anti-atoms 
T in .M^{X) with Y AY' <T, namely, 

ex{{a,b}) and ex({a,c}). 

To show the converse, suppose that card(/3X\ApX) ^ 1. Choose some distinct 
a, 6 £ (3X\X-pX and some c e X-pX\X. By Lemma [4. 171 the elements 

Y = ex ({a, 6}) ,Y' = ex ({a, c}) and Y" = ex ({&, c}) 

are anti-atoms in ^^{X) and by Lemmas 12.131 and 14.141 thev are distinct. By 
Lemma 14.161 we have 

Y AY' = ex ({a, b}) A ex ({a, c}) = ex ({a, h, c}) 

and if T is either Y, Y' or Y" then by Lemmas ^IT^ liHl and liTTl we have 
Y AY' <T. 

(2) . Suppose that cavd{l3X\XvX) = 2. Let (3X\XvX = {a, 6}. 

Let Y = ex({a, &})• Then by Lemma [4.171 the element Y is an anti-atom in 
^^{X). Now let Y' be an anti-atom in J^^{X) with Y' ^ Y. By Lemma mZI 
we have Y' = ex({c, cZ}) for some distinct c,d ^ PX\X with either c ^ X-pX or 
d ^ A-pX. Without any loss of generality we may assume that c ^ X-pX and that 
c = a. By Lemma 14.161 we have 

YAY'^ ex {{a, b}) A ex ({a, d}) = ex ({a, 6, c}) . 

Now using Lemmas [2?T3l KW and [iTfl if T is either 

(4.5) ex ({a, b}) , ex ({a, 4) or ex {{b, d}) 
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then T is an anti-atom in and Y AY' < T and conversely any anti-atom 

T in ^^{X) with F A F' < T is of the above form. By Lemmas [^l3] and mH the 
elements in (|4.5p are distinct. 

To show the converse, suppose that caid{pX\X-pX) ^ 2. Either ca.Td{fiX\X-pX) = 
1 or card{f3X\X'pX) > 3. Consider the following cases: 

Case 1.: Suppose that card(/3X\ApX) = 1. Let /3X\ApX = {a}. Let Y 
be an anti-atom in ^^(X). By Lemma [4.171 we have Y — exi{a,b}) for 
some b G X'pX\X. Let c G A-pX\X be distinct from b. (Such a c exists, as 
we are assuming that caj:d(X-pX\X) > 2.) Let Y' = ex{{a,c}). Then by 
Lemma [4.171 the element Y' is an anti-atom in ^^(X) and by Lemmas 
12.131 and [4. 141 we have Y' ^ Y. By Lemma OS we have 

Y AY' = ex ({a, 6}) A ex ({a, c}) = ex ({a, 6, c}) . 

Now using Lemmas 12.131 14.141 and 14.171 it follows that the anti-atoms T in 
^^{X) with y A r' < T are exactly 

ex{{a,b}) and ex({a, c}). 

Case 2.: Suppose that caid{(3X\X-pX) > 3. Let F be an anti-atom in 
^^{X). By Lemma l4l7l we have Y = ex{{a,b}) for some distinct 
a,b G f3X\X with cither a ^ X-pX or 6 ^ Choose some c € /?X\ApX 

and some d G X-pX\X such that neither c ^ {a, 6} nor d ^ {a, 6}. (Again, 
we are using the fact that card(A7[jX\X) > 2.) Let Y' = ex{{c,d}). Then 
by Lemma r4.17l the element Y' is an anti-atom in ^-p{X) and by Lemmas 
12.131 and r4. 141 we have Y' ^ Y. By Lemma OBI we have 

r A y = ex ({a, 6}) A ex ({c, d}) = ex {{a, b}, {c, d}). 

Now as above it follows that the anti-atoms T in ^^{X) with y A y' < T 
are exactly 

ex ({a, 6}) and ex({c, d}). 

Thus in either case for a given anti-atom y in ^^(X) we can find an anti-atom 
y in ^^(X) distinct from Y with at most 2 anti-atoms T in ^-p{X) with 

y Ay' < T. 

(3). Suppose that card(/?X\ApX) > 3. 

Choose some distinct a,b,c G (3X\X'pX and some d G A7c.X\X. By Lemma [4. 171 
the elements 

y = ex ({a, 6}) , y = ex ({6, c}) and y" = ex ({c, d}) 

are anti-atoms in ^^{X). By Lemma OS we have 

yAy'Ay" = ex({a,5}) Aex({6,c}) Aex({c,d}) 

= ex ({a, 6, c}) A ex ({c, d}) = ex ({a, 6, c, d}) 

and therefore, using Lemmas I2.13[ 14.141 and 14.171 it follows that there are 6 anti- 
atoms T in .J(^{X) with y A y' A y" < T, namely, 

ex ({a, 6}) , ex ({a, c}) , ex ({a, d}) , ex (l^*, c}) , ex ({&, d}) and ex ({c, d}) . 

To show the converse, suppose that card(/3X\A7:>X) < 2. Consider the following 
cases: 
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Case 1.: Suppose that card(^X\ApX) = 1. Let l3X\XvX = {a}. Let Y, Y' 
and Y" be anti-atoms in ^^{X). By Lemma [4. 171 we have 

Y = ex {{a, h]) ,Y' ^ex ({a, c}) and Y" - ex ({a, 4) 

for some b,c,d E \-pX\X. Using Lemma [4. 161 we have 

FAr'Ar" = ex({a,6}) Aex({a,c}) Aex({a,d}) 

= ex({a,6,c}) A ex({a,d}) = ex ({a, 6, c, d}) 

and therefore, using Lemmas 12.131 14.141 and 14.171 it foUows that the only 
anti-atoms T in ^^{X) with Y AY' AY" <T are 

ex ({a, &}) , ex ({a, c}) and ex ({a, d}) • 

Case 2.: Suppose that caiA{l3X\\-pX) = 2. Let l3X\\-pX = {a, 6}. Let F, 
y and F" be anti-atoms in ^^{X). Consider the following cases: 

Case 2. a.: Suppose that ex({a, 6}) ^ {Y,Y' ,Y"}. Consider the follow- 
ing cases: 

Case 2.a.i.: Suppose that 

y = ex ({c, d}) , r' = ex ({c, e}) and Y" = ex ({c, /}) 

where c is either a or 6 and d,e, f G ApX\X. By Lemma [4.161 
we have 

FAy'Ay" = ex({c,d}) Aex({c,e}) Aex({c,/}) 

= ex ({c, d, e}) A ex ({c, /}) = ex ({c, d, e, /}) 

and therefore, again using Lemmas 12 . 1 31 l4TT4l and l4T7l it follows 
that the only anti-atoms T in Jl^{X) with Y AY' AY" <T 
are 

ex ({c, d}) , ex ({c, e}) and ex ({c, /}) . 
Case 2.a.ii.: Suppose that either 
y = ex ({a, d}) , y = ex ({a, e}) and Y" = ex ({6, /}) 
or 

y = ex ({&, d}) , y = ex ({&, e}) and Y" - ex ({a, /}) 

where d,e, f £ X-pX\X. Without any loss of generality we may 
assume that the first of the above cases occurs. Suppose that 
/ ^ {d, e}. Then by Lemma [4. 161 we have 

yAy'Ay" = ex({a,d}) Aex({a,e}) Aex({6,/}) 

= ex{{a,d,e}) Aex({&, /}) = ex ({a, d, e}, {6, /}) 

and therefore as above it then follows that the anti-atoms T in 
Ji^{X) with y A y A y" < T are exactly 

ex ({a, d}), ex ({a, e}) and ex ({&,/}). 

Now suppose that / e {d, e}, say f — d. Then by Lemma [4.161 
we have 

yAy'Ay" = ex({a,d}) Aex({a,e}) Aex({6,/}) 

= ex({a,d,e}) A ex{{b,d}) = ex ({a, 6, d, e}) 
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and therefore as above it follows that the anti-atoms T in ^^{X) 
such that Y ^Y' ^Y" <T are exactly 

ex ({a, b}) , ex ({a, d}) , ex ({a, e}) ,ex{{b, d}) and ex{{b, e}) . 

Case 2.b.: Suppose that ex{{a,b}) e {Y,Y',Y"}, say Y = ex{{a,b}). 
Consider the following cases: 
Case 2. B.I. : Suppose that 

r' = ex ({c, d}) and Y" = ex ({c, e}) 

where c is either a or 6, say c = a, and d, e G A77X\X. Then by 
Lemma 14.161 we have 

YAY'AY" = ex{{a,b}) Aex{{a,d}) Aex{{a,e}) 

= ex {{a, b, d}) A ex {{a, e}) = ex ({a, b, d, e}) 

and therefore using Lemmas I2.13[ 14.141 and 14.171 it follows that 
the anti-atoms T in ^^{X) such that Y AY' AY" < T are 
exactly 

ex ({a, b}) , ex ({a, d}) , ex ({a, e}) ,ex{{b, d}) and ex{{b, e}) . 
Case 2. B. II.: Suppose that 

Y' = ex ({a, 4) and Y" = ex {{b, e}) 
where d, e G X'pX\X. Then by Lemma [4. 161 we have 
YAY'AY" ^ ex ({a, 6}) A ex ({a, 4) A ex ({6, e}) 

= ex ({a, d}) A ex ({6, e}) = ex ({a, 6, d, e}) 

and therefore as above it follows that the anti-atoms T in ^-p{X) 
such that Y AY' AY" <T are exactly 

ex ({a, b}) , ex ({a, d}) , ex ({a, e}) , ex ({&, d}) and ex ({6, e}) . 

Thus in either case for any given anti-atoms Y, Y' and Y" of ^-p{X) there are at 

most 5 anti-atoms T in ^^{x) with y A r' A r" < T. □ 

Lemma 4.20. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q such that cSiTd{X'pX\X) > 2. 

(1) Suppose that ca.Td{l3X\\-pX) ~ 1. Then any anti-atom of ^^(X) is of 
type (I). 

(2) Suppose that caTd{(3X\\-pX) = 2. Then an anti-atom Y of ^^{X) is of 
type (I) if and only if there exists an anti-atom Y' of (X) such that 

card {{T : T is an anti-atom in ^^{X) and Y AY' <T}) = 2. 

(3) Suppose that card(/3X\A-pX) > 3. Then an anti-atom Y of ^^{X) is of 
type (I) if and only if there exists an anti-atom Y' of ^^{X) with Y' ^Y 
such that for any anti-atom Y" of ^^{X) we have 

card({T : T is an anti-atom in ^^{X) and Y AY' AY" < T]) < 5. 

Here A is the operation in ^^{X). 
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Proof. By Lemmas 12.101 and 14.101 we have X C X-pX and that l3X\X'pX is non- 
empty. 

(1). This is obvious. (2). Suppose that card(/3X\A-pX) = 2. Let l3X\\-pX = 
{aM- 

Suppose that Y is an anti-atom in ^^(X) of type (I). Then Y = ex{{c,e}) 
where c is either a or b, say c = a, and e G X'pX\X. Choose some d G X-pX\X 
such that d ^ e. (Such a d exists, as we are assuming that caid{X'pX\X) > 2.) 
Then by Lemma [4. 171 the element Y' — exi{b,d}) is an anti-atom in ^-p{X). By 
Lemma 14.161 we have 

YAY' = ex ({a, e}) A ex ({&, d}) = ex ({a, e}, {b, d}) 

and thus the anti-atoms T in ^^{X) with Y /\Y' <T are exactly 

ex({a, e}) and ejf ({&, d}) 

which by Lemmas 12.131 and 14.141 are distinct. 

To show the converse, suppose that an anti-atom Y of ^^{X) is not of type (I). 
Then necessarily Y — ex{{a,b}). Let Y' be an anti-atom of ^-p{X). If Y' ~ Y 
then the only anti-atom T of J^^[X) with Y ^Y NY' <T \bY itself. Suppose 
that Y' ^ Y . Using Lemmas [2T3l Oil and l4T7l we have Y' = ex({c, e}), where c 
is either a or fe, say c = a, and e £ A-pX\X. By Lemma 14.161 we have 

Y hY' = ex ({a, &}) A ex ({a, e}) = ex ({a, 6, e}) 

and therefore, again using Lemmas 12.131 14.141 and 14.171 there are exactly 3 anti- 
atoms T of Ji^[X) with r A y < T, namely, 

ex({a, &}),ex({a, e}) and ex({fc, e}). 

Thus in either case the number of anti-atoms T in ^^(X) with Y t\Y' < T is not 
2. 

(3). Suppose that card(^X\ApX) > 3. 

Suppose that Y is an anti-atom in .J(^[X) of type (I). By Lemma 14.171 we 
have Y — ex ({»,&}) for some distinct a,b ^ PX\X such that either a ^ X-pX 
or b ^ X-pX. Choose some c G XpX\X distinct from b (this is possible as we 
are assuming that c&Td{XpX\X) > 2) and let Y' — ex{{a,c}). Then Y' is an 
anti-atom in ^^{X) by Lemma Sm and Y' ^ Y hy Lemmas EH] and SH Let 
Y" be an anti-atom in ^^{X). ByLemmaSm wc have Y" — ex{{d,e}) where 
d,e € f3X\X are distinct and either d ^ XpX or e ^ X-pX. Consider the following 
cases: 

Case 1.: Suppose that {a, 6, c} n {c?, e} = 0. By Lemma [4. 161 we have 

Y NY' AY" = ex({a,6}) Aex({a,c}) Aex(Ke}) 

= ex ({a, b, c}) A ex ({rf, e}) = ex ({a, 6, c}, {d, e}) 

and therefore using Lemmas l2?T3ll4?T4l and l4Tfl the anti-atoms T in J^^{X) 
such that r A F' A F" < T are exactly 

ex ({a, b}) , ex ({a, c}) and ex ({d, e}) . 

Case 2.: Suppose that {a, &, c} fl {d, e} ^ 0. By Lemma [4. 161 we have 

rAy'Ay" = ex({a,6}) Aex({a,c}) Aex(Ke}) 

= ex({a,6,c}) A ex({d,e}) = ex ({a, 6, c, d, e}). 
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Consider the following cases: 

Case 2. a.: Suppose that a G {d,e}, say a — d. Consider the following 
cases: 

Case 2.A.i.: Suppose that {d, e} D X-pX — ^. Now using Lemmas 
[^1^ liHl and Wn\ the anti-atoms T in ^^{X) with Y ^Y' ^ 
Y" < T are exactly 

ex{{a,b}),ex{{a,c}),ex{{a,e}),ex{{b,e}) and ex{{c,e}). 

Case 2.A.ii.: Suppose that {d,e} n X-pX ^ 0. Then necessarily 
e S X-pX and therefore as above the anti-atoms T in ^^{X) 
such that y A y A F" < T are exactly 

ex ({a, 6}) , ex ({a, c}) and ex ({a, e}) . 

Case 2.b.: Suppose that a ^ {(i, e}. Then {6, c} n {d, e} is non-empty. 
Without any loss of generality we may assume that c — d. This implies 
that e ^ X-pX and therefore again using Lemmas 12.131 14.141 and 14.171 
the anti-atoms T in JS(^{X) with Y SY' AY" <T are exactly 

ex ({a, h}) , ex ({a, c}) , ex ({a, e}) , ex {{b, e}) and ex ({c, e}) . 

Thus for this choice of Y', for any anti-atom Y" of ^^{X) the number of anti- 
atoms T of ^^iX) with r A y A y" < T are at most 5. 

To show the converse, suppose that an anti-atom Y of ^^{X) is not of type (I). 
Then Y = ex{{a,b}) for some distinct a,b G l3X\XpX. Let Y' be an anti-atom 
in ^-p{X) distinct from Y. By Lemma [4.171 we have Y' — ex({c, d}) for some 
distinct c,d ^ f3X\X with either c ^ XpX or d ^ XpX. Consider the following 
cases: 

Case 1.: Suppose that {a,b} Pi {c,d} = 0. Let Y" = ex{{b,c}). By Lemma 
14.171 the element Y" is an anti-atom in ^^{X). By Lemma min] we have 

yAy'Ay" = ex({a,5}) Aex({c,d}) Aex({6,c}) 

= ex ({a, b}) A ex ({&, c, d}) = ex ({a, b, c, d}) 

and therefore using Lemmas I2.13[ 14.141 and 14.171 there are exactly 6 anti- 
atoms T in ^^{X) such that y A y' A y" < T, namely, 

ex ({a, b}) , ex ({a, c}) , ex ({a, d}) , ex ({fo, c}) , ex {{b, d}) and ex ({c, d}) . 

Case 2.: Suppose that {a, b} n {c, d} ^ 0. Without any loss of generality we 
may assume that b — c. Consider the following cases: 
Case 2. a.: Suppose that d ^ X-pX. Choose some e e XpX\X. (This is 

possible as we are assuming that ca.Td{X-pX\X) > 2.) 
Case 2.b.: Suppose that d G XpX. Choose some e € /3X\XpX dis- 
tinct from both a and 6. (This is possible as we are assuming that 
caTd{pX\XpX) > 3.) 
Now let y" = ex({a, e}). By Lemma [4. 171 the element Y" is an anti-atom 
in ^^{X). By Lemma [4. 161 we have 

yAy'Ay" = ex({a,6}) Aex({6,d}) Aex({a,e}) 

= ex{{a,b,d}) Aex({a,e}) = ex{{a,b,d,e}) 
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and therefore as above there are exactly 6 anti-atoms T in ^^{X) such 
that Y AY' AY" < T, namely, 

ex ({a, b}) , ex ({a, d}) , ex ({a, e}) , ex {{b, d}) , ex ({6, e}) and ex ({d, e}) . 

Thus in either case for a given anti-atom Y' of ./^^{X) distinct from Y there is 
an anti-atom Y" in ^^{X) with exactly 6 anti-atoms T in ^^{X) such that 
Y AY' AY" <T. □ 

The following lemma together with Lemmas 14. 191 and 14.201 above gives an order- 
theoretic characterization of one-point extensions in ^^{X). 

Lemma 4.21. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q and let Y G ^^{X). The 
following are equivalent: 

(1) Y is a one-point extension of X. 

(2) Y <T for any anti-atom T of (X) of type (II). 

Proof. Let : (3X /3Y be the continuous extension of idx . By Lemma 12.81 we 
have l3X\XvX C (f)-^[Y\X]. Also, by Lemmas ETO] and min] we have X C X-pX 
and that /3X\X-pX is non-empty. 

(1) implies (2). Note that ,^{Y) = {(j)^^[Y\X]}. Let T be an anti-atom in 
J^^{X) of type (II). Then Y = ex({a,6}) for some distinct a, 6 e pX\XvX. 
Since {a, 6} C it follows from Lemmas [233] and IHl that Y <T . 

(2) implies (1). Note that r\X is non-empty, as ^X\XvX C and 
^X\ApX is non-empty. Suppose that card(y\X) > 2. Let i^, G £ ^(F) be 
distinct. By Theorem 12.111 both F\X-pX and G\X-pX are non-empty. Let a G 
F\X-pX and & G G'\A73X. Then T = ex{{a, b}) is an anti-atom in ^^{X) of type 
(II), while Y ^T. This shows that F\X is a one-point set. □ 

The following lemma is well known. It is included here for the sake of complete- 
ness. 

Lemma 4.22. Let X be a Tychonoff space. Then for any compact non-empty 
subset C of j3X\X there exists a unique one-point Tychonoff extension Y of X 
with C — (j)^^\Y\X], where (f) : j3X j3Y is the continuous extension o/idx- 

Proof. Let Z be the quotient space of PX obtained by contracting C to a point p 
with the quotient mapping q : (3X Z. Note that Z is compact, being a Hausdorff 
continuous image of (3X. Consider the subspace Y = X U {p} of Z. Then Y is 
a one-point Tychonoff extension of X. We show that Z — (3Y and q — 4> where 
(j) : PX — > 13Y is the continuous extension of idx ■ Note that Z is a compactification 
of Y, as it contains F as a dense subspace. Thus to show that Z = f3Y it suffices 
to verify that any continuous h : Y ^ 1 is continuously extendable over Z. Indeed, 
let G : PX — > I be the continuous extension of /ig|(X U C) : X U C — >■ I. (Note 
that P{X U C) = PX, &s X C X C C PX] see Corollary 3.6.9 of [S].) Define 
H :T -^I such that H\{l3X U C) = G\{l3X U C) and H{p) = h{p). Then H\Y = /i, 
and since Hq = G is continuous, H is continuous. This shows that Z — (3Y. That 
q — (j) follows easily, as they are both continuous and coincide with idx on the 
dense subset X of f3X. We have 



G ^ q-\p) = q-\Y\X] ^ r'{Y\X]. 
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For the uniqueness part, note that if T also is a one-point Tychonoff extension of 
X such that C = ■4)^^\T\X], where : /3X jST is the continuous extension of 
idx, then ^(T) = {C} ^ .^{Y) and thus T = F by Lemma □ 

Notation 4.23. For a Tychonoff space X and a compact non-empty subset C 
of PX\X denote by ecX the unique one-point Tychonoff extension Y oi X with 
C — (t)^^\Y\X], where : PX -> PY is the continuous extension of idx- 

Notation 4.24. Let V and Q be a pair of compactness-hke topological properties. 
Let X be a Tychonoff locally-P non-'P space with Q. Denote 

= ecX 

where C = pX\X-pX. 

Remark. In Notation 14.241 the set C = f3X\X-pX is a compact subset of f3X\X 
and it is non-empty; see Lemma 14.101 Therefore the above definition of ecX makes 
sense. 

In the following we associated to any element Y in ^^(X) a certain one- 
point extension Yjj in ^^{X). This will be used in Lemma 14.311 when we order- 
theoretically characterize the locally compact elements of ^^{X). 

Notation 4.25. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-7^ non-7^ space with Q and let Y e ./£^{X). Denote 

Yu = ecX 

where C — (l)~^\Y\X] and : 13 X j3Y is the continuous extension of idx. 

Remark. The definition in Notation 14.251 makes sense, as C is a compact subset 
of I3X\X and since by Lemma [Z!8l we have f3X\\-pX C it is non-empty 

(as f3X\\-pX is non-empty; see Lemma HTTO]) . 

The following lemma together with Lemmas I4.19[ 14.201 and 14.211 gives an order- 
theoretic characterization of the element Yjj we already associated to any Y in 
.£^{X). 

Lemma 4.26. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q and let Y G ^^{X). Then 
Yu is the largest T e ^^{X) satisfying the following: 

(1) T is a one-point extension of X . 

(2) T <Y' for any anti-atom Y' of J(^{X) of type (I) such that Y <Y' . 

Proof. Let : fiX /SY and (pu : PX /3Yu denote the continuous extensions 
of idx- By Lemma IMH we have (l)-^[Y\X] = ,Pj}^[Yu\X] and thus Yu G .^^(X) 
by Lemma EH and Theorem EHH as l3X\X-pX C 0-i[y\X] and by Lemma HlO] 
the set (3X\X-pX is non-empty. Obviously, Yu satisfies (1). To show that Yu 
satisfies (2), let Y' be an anti-atom of ^-p{X) of type (I) such that Y < Y'. Let 
Y' = ex{{a,b}). Then by Lemmas 12.131 and 14.141 we have {a,b} C F for some 
F e ^(Y). Since F C (j)-^[Y\X] we have {a, 6} C (j)-^[Yu\X] and therefore, again 
by Lemmas 12.131 and 14.141 it follows that Yu < Y' . Now we show that Yu is the 
largest element o{^-p{X) satisfying conditions (l)-(2). Let for some 
conditions (l)-(2) hold. Let ip : (3X f3T be the continuous extension of idx. To 
show that T < Yc/, by LemmaHHl it suffices to show that [Yu\X\ C ^-^[T\X\. 
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Let c G (j)ij^[Yu\X]. Suppose that c e l3X\\vX. Then obviously c e as 
by Lemma \2M we have (3X\\-pX C ■)/)^^[r\X]. Now suppose that c G ApX. Since 
c G (j)~^[Y\X] there exists some G G ,^{Y) such that c G G. By Theorem [211] the 
set GXX-pX is non-empty. Let d G G\X-pX. Then F' = ex({c, d}) is an anti-atom 
in Ji^{X) of type (I) which by Lemmas [2l3l and l4T4l is such that Y <Y' . Thus 
by our assumption T <Y' . Therefore again using Lemmas 12.131 and 14.141 it follows 
that {c,d} C ^-'^\r\X\. Thus c G V^M^V^] in this case as weh. This shows that 
(^^^^ij\X\ C ■\l)-^\r\X\ which completes the proof. □ 

In the following we define, and then order-theoretically characterize, certain 
elements of j£!p(X). This will have an application in the order-theoretic charac- 
terization of locally compact elements of ^!p(X') given in Lemma [4.311 

Definition 4.27. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-P non-P space with Q. An element Y G ^^{X) is 
called almost opiimaZ provided that X-pX C\ (l)~^\Y\X] is compact, where : j3X — > 
I3Y is the continuous extension of idx • 

Lemma 4.28. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q. Let {Yi : « G /} C ^^[X) 
be a non-empty collection of one-point extensions of X . Then 

(1) The least upper bound \J ^^lYi exists in .^^{X). 

(2) IfY = Vie/ then Y is a one-point extension of X and 

r'[Y\X]^f]<l>r^[YM] 
iei 

where </> : /3X — >■ /3Y and (pi : /3X j3Yi for any i £ I denote the continuous 
extensions o/idx- 
Here V is the operation in ^^{X). 

Proof. Let (j)i : PX — PYi for any i G / be the continuous extension of idx • Let 

c^{^<p-'%\x]- 

iei 

Then C is compact, as it is closed in fiX, and obviously C C f3X\X, as (j)i\X = idx 
for any i G / (and / is non-empty). By Lemma [^^ we have f3X\X'pX C (j)~^[Yi\X] 
for any i ^ I. Therefore /3X\X'pX C G which implies that G is non-empty, as by 
Lemma |4A0] the set (3X\X-pX is non-empty. Let Y — ecX. Then F is a one-point 
Tychonoff extension of X and Y G ^.p{X) by Lemma [2.81 and Theorem 12.111 as 
if (p : PX — i> (3Y denotes the continuous extensions of idx , then using Lemma 14.221 
we have /3X\A-pX C G = (f>-^[Y\X]. By Lemma [US] it is obvious that Y, <Y for 
any i G /, as (j>-'^[Y\X] = G C (j)-^[Y,\X]. We only need to show that Y < Y', for 
any Y' G ^^(X) which satisfies Y, < Y' for any i G /. Indeed, let F G ^{Y'). 
By Lemma [2. 131 we have F C (j)^^[Yi\X] for any i G / and thus 

C fl Pi'[Yi\X] ^C = P-'[Y\X]. 

Therefore Y <Y' again by Lemma [2. 131 □ 

The following lemma together with Lemmas I4.19[ 14.201 and 14.211 gives an order- 
theoretic characterization of almost optimal elements of ^-p{X). Recall that a 
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Tychonoff space X is locally compact if and only if it is open in PX (see Theorem 
3.5.8 of 5J. We use this well know fact in the proof of the following lemma. 

Lemma 4.29. Let V and Q be a pair of compactness-like topological properties. 
Let X be a locally compact locally-V non-V space with Q and let Y G ^^(X). 
The following are equivalent: 

(1) Y is almost optimal. 

(2) For any collection {Yi '■ i G L} C ^^(X) of one-point extensions of X 

such that Yjj V Vie/ ^« ~ *^ follows that Yjj V Vj=i — ^'^v f^^ some 
fc e N and some ii, . . . , ij. G /. 

Here V is the operation in ^^{X). 

Proof. Let (j) : fiX fiY and 4)u : /SX (3Yij denote the continuous extensions of 
idx. By Lemma we have (l)~^[Y\X] = (f)^^[Yu\X]. 

(1) implies (2). Suppose that X-pX D 4>^^[Y\X] is compact. Let {Yi : i € L} C 
^.p{X) be a collection of one-point extensions of X with Yu V Vie/ ^ ~ . By 
Lemmas 14.221 and 14.281 we have 

iei 

where (pi : /3X — > /3Yi for any i E L, denotes the continuous extension of idx. Now 

x-pX n (b-^[Y\x] n fl <Pi\Yi\X] = x^x n (p^^YuXx] n f| (j)i\Yi\x] = 

ie/ iei 
and therefore by the compactness oi X-pX r\<p^^ [^\-''^] it follows that 

fc 

XvX n r^[Y\x] n fl (Pi^%^\x] = 

for some fc G N and some ii, . . . ,ik G /. This implies that 

k 

^-'[Y\X] n f <I>;^'[Y,^\X] C l3X\XvX. 

But by LemmadHlwe have l3X\X-pX C (l)-'^[Y\X] and /3X\ApX C (f>-'^[Yi\X] for 
any i E L. Thus from above 

cl>u'[Yu\x] n f </>,::^[r.,\^] = rMn^] n f -^^M^^.A^l = Px\XpX. 

Lemma [4.281 now implies that Yu V Vj=i — .^^p" • 

(2) implies (1). First note that X C ApX (see Lemma r2.10p and that /3X\XpX is 
non-empty (see Lemma r4.10p . To show (1) we have to verify that X-p X O (f)^^ [Y\X] 
is compact. Note that XpX n (j)~'^[Y\X] C XpX\X, as obviously (l)~^[Y\X] C 
/3X\X, because (j)\X = \dx- Let {Ui : i G /} be an open cover of XpX n(t)~^[Y\X] 
in XpX\X. Note that each Ui, where i G /, is open in /3X\X, as Ui is open 
in XpX\X and the latter is open in PX\X, because Xp>X is open in f]X. Let 
Ci ~ {f3X\X)\Ui where z G /. Then Ci is closed in [3X\X and thus it is compact, 
as (3X\X is compact (because X is locally compact) and it is non-empty, as it 
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contains l3X\\-pX. Let Yi ~ eCiX and let (f)i : (5X f3Yi denotes the continuous 
extension of idx • By Lemma 14.221 we have 

(4.6) ^T'lYAx] = a = m\x)\u,. 

We have 

r'[Y\x]nf]cp-'[YM] = r'{Y\x]nf]{m\xm) 

= r'[Y\X]n(^{l3X\X)\[JUi 

iei 

C r'[Y\X] n {{f3X\X)\{XrX n [Y\X])) 
C l3X\\-pX 

and therefore 

^u'[Yu\x] n fl <p;'[YAx] = ci>-'[Y\x] n f| ^rM^A^] = PX\XrX 

as by Lemma [m we have l3X\\vX C and ^X\ApX C (j)-'^[Yi\X] 

for any i G I. Lemma 14.281 now imphes that Yjj V Vie/ ^« ~ ^'^v which yields 
Yu V Vj=i = ^^-p for some fc S N and some zi, . . . , «fc G /. Again, using Lemma 
14.281 we have 

k k 

r'[Y\x] n fl <j>7^[Y,^\x] = n fj ^;^[y,^\x] = px\\rX 

and thus by (|4.6p it then follows that 

r'[Y\x]r^({px\x)\\Ju,) = rMn^]nn((m^)w^.) 

fe 

Therefore 



n r Mn^] n ((/3X\x)\ U c/,^) = 



J=l 

which implies that 

fe 

ApXn(/.-i[r\^] c IJ u,^. 

That is X-pX n 0-i[r\X] is compact. □ 

Lemma 4.30. Let X be a locally compact space and let Y £ ^[X). The following 
are equivalent: 

(1) Y is locally compact. 

(2) 0--'^[y\X] is open in I3X\X, where (j) ■ PX — >■ PY is the continuous exten- 
sion of'iAx- 
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Proof. Recall that by Lemma 12.91 the space /3Y is the quotient space of (3X ob- 
tained by contracting each (j)~^{p) where p G Y\X, to a point with the continuous 
extension : /3X /3Y of idx as the quotient mapping. 

(1) implies (2). Note that Y is open in /SY and thus is open in f3X. 
Therefore 

r'[Y\x] = <t>-'[Y]n{px\x) 

is open in (3X\X. 

(2) implies (1). Let U be an open subset of /SX such that (t)^^[Y\X] = 1/0 
{PX\X). Since X is locally compact, X is open in f3X. Thus U U X is open 
in /3X and therefore Y = (t)[U L) X] is open in f3Y. This shows that Y is locally 
compact. □ 

The following lemma together with Lemmas KIM I4.20[ r4.21[ 14.261 and 14.291 gives 
an order-theoretic characterization of locally compact elements of ^^(X). 

Lemma 4.31. Let V and Q be a pair of compactness-like topological properties. 
Let X be a locally compact locally-V non-V space with Q and let Y G ^^{X). 
The following are equivalent: 

(1) Y is locally compact. 

(2) There exists an almost optimal one-point extension Y' G ^^(X) such that 
for any anti-atom T of ^^{X) of type (I), either Yjj < T or Y' < T, but 
not both. 

Proof. Let : /3X f3Y and cfiu : f3X /3Yij denote the continuous extensions 
of idjf. By Lemmas [2J and im we have l3X\X-pX C (j)-^[Y\X] and 0-i[y\X] = 
(j)~^[Yu\X]. Also, by Lemmas \TW\ and HTUI we have X C X-pX and that /3X\XpX 
is non-empty. 

(1) implies (2). By Lemma l430l the set is open in (3X\X . Let 

C = {{(3X\X)\r^[Y\X]) U {(3X\Xt.X). 

Then C C PX\X is compact, as it is the union of two compact subspaces, and it 
is obviously non-empty, as it contains pX\X-pX. Let Y' — ecX. Then Y' is a 
Tychonoff one-point extension of X and by Lemma [4. 22) if ip : (3X f5Y' denotes 
the continuous extensions of \dx then il}~^\Y'\X] — C. Therefore by Lemma [2.81 
and Theorem [2TT] we have Y' G Ji^[X), as ^X\XvX C C. Also, Y' is almost 
optimal, as 

XvX n V'-i[r'\A] = XvX n c = {piX\x)\<^-^'^\x\ 

is compact. (Note that {^X\X)\(i>-^'^\X\ C XvX, as ^X\XvX C 

Now consider an anti-atom T of .y£^{X) of type (I). Then T = ex({a, &}) for 

some a G liX\X-pX and some b G X-pX\X. Consider the following cases: 

Case 1.: Suppose that h G (t)^^\Y\X]. Then a G (t>-^[Y\X\, as a e l3X\X-pX 
and thus {a,b} C (/)-i[y[/\X]. Lemmas and HH now imply that 
Yu<T. 

Case 2.: Suppose that & (f. (I)-^[Y\X]. Then necessarily beC = xJj-^[Y'\X]. 
But also a G i;-^[Y'\X], as a e (3X\XvX and /3A:\ApA: C ^r^[Y'\x\. 
Thus {a, 6} C ^-^ [Y'\X]. Again Lemmas [2l3] and IHni imply that Y' < T. 

Obviously, the two Yu <T and Y' <T cannot simultaneously hold, as this implies 
both {a, 6} C (i)lj^[Yu\X] and {a, 6} C But 6 G i^-^[Y'\X] = C 
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implies, by the choice of b, that b G {l3X\X)\(p ^[Y\X], which is not possible, as 

b e (l)-^[Y\x]. 

(2) implies (1). Let ip : /3X /3Y' denote the continuous extension of idx- By 
Lemma [4.301 to prove that Y is locally compact it suffices to show that 0""'^ 
is open in f3X\X. We show this by verifying that 

(4.7) {(3X\X)\(f>-^[Y\X] = ApX n i;-^[Y'\X]. 

Choose some a £ f3X\\-pX. Let b G {/3X\X)\(p^^[Y\X] and suppose to the 
contrary that b ^ ip~^[Y'\X]. Let T ~ ex{{a,b}). Then T is an anti-atom in 
^^(X) of type (I), and by Lemmas[2l3]and|431neither Yu <T nor Y' <T holds, 
as neither {a, 6} C (f)^^[Y\X] nor {a, 6} C ip^^[Y'\X]. This is a contradiction. 
Therefore 

(4.8) {(3X\X)\(j>-^[Y\X] C ApX n i^-'^iY'Xx]. 

To show the reverse inclusion in (14. 8p . let c e n ip~^[Y'\X]. Suppose to 

the contrary that c ^ or equivalently that c e as 

c G /3X\X, because c G and V'^M^A^] ^ since = idx- 

Let T' = ex{{a, c}). Then T' is an anti-atom in ^^{X) of type (I) and by 
Lemmas [2II3] and Sll both Yu < T' and Y' < T' , as both {a,c} C (/)-i[r\X] and 
{a,c} C because by Lemma we have (3X\\-pX C (/«-i[r\X] and 

/3X\ApX C 'il;~^\Y'\X] and a G f5X\\-pX. This contradicts our assumption and 
proves (|4.7[) . Now since ApX n ■0"^ [^'\-^] is compact, as Y' is almost optimal, 
{l3X\X)\(j)-\Y\X] is compact and thus closed in I3X\X. Equivalently, (l)-^[Y\X] 
is open in (3X\X, as (i)~\Y\X] C /3X\X, because 0|X = idx- □ 

The following lemma together with Lemmas l4.19l and l4.20| gives an order-theoretic 
characterization of optimal elements of ^^{X). 

Lemma 4.32. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q and let Y G ^^{X). The 
following are equivalent: 

(1) Yeff^{X). 

(2) There exists no anti-atom T in ^^^{X) of type (I) with Y <T. 

Proof. Let cj) ■ f3X -> f3Y denote the continuous extension of idx . 

(1) implies (2). Let T be an anti-atom in ^^{X) such that Y < T. Let 
T = ex{{a,b}) where a,b ^ (3X\X are distinct such that either a ^ X-pX or 
b ^ X-pX. By Lemmas and HH we have {a, &} C F for some F G ^(Y). 
But F C and (t>-^[Y\X] = l3X\X-pX by Theorem [2351 Therefore 
{a, b} C l3X\XvX which shows that T is of type (II). 

(2) implies (1). By Theorem l2.15l to show (1) it suffices to show that 0-i[y\X] = 
I3X\Xt:,X. Suppose otherwise. By Lemma EE we have l3X\XvX C (j)-'^[Y\X]. 
Thus (t)~^[Y\X] ^ pX\X-pX. Choose some b G (t)-^[Y\X] such that b ^ pX\XrX. 
Then 6 G 0~Hp) for some p G By Theorem [2JT] the set 0-i(p)\A-pX is non- 
empty. Choose an a G (f>^^ {p)\X-pX . Note that a, G 13X\X, as a, 6 G 0-i[y\X] 
and 0|X = idx- Consider the anti-atom T = ex{{a, b}) of ^^{X). Then T is of 
type (I), and since {a,b} C (p), by Lemmas and Sm we have Y < T. This 
is a contradiction. □ 
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Lemma 4.33. LetV and Q be a pair of compactness-like topological properties. Let 
X andY be Tychonojf locally-V non-V spaces with Q such that card{X-pX\X) > 2 
and card(A-pr\r) > 2. Let 

9: (^2(X),<) ^ {^^iY),<) 

be an order-isomorphism. Let T G ^■p{X). Then 

(1) IfT is an anti-atom in ^^{X) (an anti-atom in ^^{X) of type (I), an 
anti-atom in ^^(X) of type (II), respectively), then so is 6(T). 

(2) IfT is optimal, then so is 6(T). 

(3) If T is a one-point extension, then so is Q{T). 
Suppose that X and Y are moreover locally compact. Then 

(4) IfT is almost optimal, then so is Q{T). 

(5) IfT is locally compact, then so is Q{T). 

Proof. This follows from the previous lemmas, as Lemmas 14. 191 and 14.201 imply (1), 
part (1) and Lemma [4.321 imply (2), part (1) and Lemma [4.211 imply (3), part (3) 
and Lemma [4.291 imply (4), and finally parts (1), (3), (4) and Lemma [4.311 imply 
(5), noting that by Lemma [4.261 fand parts (1) and (3)) we have Q{Su) = {Q{S))u 
for any S G .^^(X). □ 

Lemma 4.34. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff locally-V non-V space with Q. Let T = ex ({a, &}) be an anti- 
atom in ^-p{X) of type (I) where a ^ X-pX and b G X-pX . Let T' — ex{{c, d}) be 
an anti-atom in ^-p{X) of type (I) such that T ^ T' . The following are equivalent: 

(1) biicd}. 

(2) 

card({T" : T" is an anti-atom in ^^{X) and T AT' < T"}) = 2. 

Proof. (1) implies (2). Consider the following cases: 

Case 1.: Suppose that a G {c, d}, say a — c. By Lemma [4. 161 we have 

TAT' = ex {{a, b}) A ex {{a, d}) = ex ({a, b, d}) . 

Now using Lemmas 12.131 14.141 and 14.171 there are only 2 anti-atoms T" in 
Ji^[X) with T AT' <T", namely 

ex{{a,b}) and ex{{a,d}). 

Case 2.: Suppose that a ^ {c,d}. Again by Lemma [4. 161 we haye 

TAT' = ex {{a, b}) A ex ({c, d}) = ex {{a, b}, {c, d}) 

and thus as above there are only 2 anti-atoms T" in ^^{X) with T AT' < 
T" , namely 

ex{{a,b}) and ex{{c,d}). 

Therefore (2) holds in either case. 

(2) implies (1). Suppose to the contrary that b G {c,d}, say b ~ c. Note that 
using Lemmas 12.131 ILT4| and |4. 1 71 it follows that a ^ d, a.s T ^ T' , and thus there 
are exactly 3 anti-atoms T" in .£^(X) with T AT' <T", namely 

ex ({a, b}) , ex ({a, d}) and ex{{b, d}) . 

This is a contradiction. □ 
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The following lemma gives an internal (to X) characterization of spaces X with 
card{X'pX\X) > 2. This assumption has been used before in the statements of a 
couple of lemmas. 

Lemma 4.35. Let X be a Tychonojf space and letV he a clopen hereditary finitely 
additive perfect topological property. The following are equivalent: 

(1) card(ApX\X) > 2. 

(2) There exist a pair of disjoint non-compact zero-sets of X each contained 
in a cozero-set of X whose closure (in X) has V . 

Proof. (1) implies (2). Let Zi £ X'pX\X where j = 1,2 be distinct and let Ui be 
an open neighborhoods of Zi in X-pX (and therefore in f3X, as X-pX is open in 
f3X) such that J7i fl C/2 = 0. Let fi : /3X ^ I be continuous with f{zi) — and 
f^[|3X\U,] C {1} and let 

Z, = fr^ [[0, 1/3]] nX e ^{X) and C, = fr^ [[0, 1/2)] nX e Coz{X). 
Note that Zi C /^^[[0, 1/3]] C Ui and thus Zi n Z2 = 0. Also, since 
z, e /r' [[0, 1/3)] C int^xcl^x(/r' [[0, 1/3]] nX) C c\px{f-^ [[0, 1/3]] nX) = clpxZ, 
the set c\pxZi\X is non-empty and therefore Zi is non-compact. Then 

= cl^x(/r' [[0,1/2)] nX) =cW/r' [[0,1/2)] C /-I [[0,1/2]] CC/, CApX 

and thus by Lemma [2^ the closure c\xCi has V. 

(2) implies (1). Let Zi G ^{X) be non-compact with Zi C d where Ci S 
Coz{X) and cljcQ has V and Zin^2 = 0- By Lemma lTTil we have cl/sxZ^ C XpX. 
Since Zi is non-compact, cl^X'^A^ non-empty. Also 

ci^x^i n ci;3x^2 = cifsxiZi n Z2) = 0. 

Therefore card(ApA:\A:) > 2. □ 

Theorem 4.36. Let V and Q he a pair of compactness-like topological properties. 
Let X and Y be TychonofJ locally-V non-V spaces with Q such that each space 
contains a pair of disjoint non-compact zero-sets each contained in a cozero-set 
whose closure has V . Consider the following: 

(1) {^.p{X),<) and {^p{Y),<) are order-isomorphic. 

(2) pXyX-pX and fiVyX-pY are homeomorphic. 

Then (1) implies (2), while, (2) does not necessarily imply (1). 

Proof. By Lemma 14.351 we have 

card(A7,A:\A:) > 2 and card(A7,y\y) > 2. 

To show that (1) implies (2) let 

9: (^2(X),<) ^ (-##(n,<) 

denote an order-isomorphism. By Lemma 14.331 we have 8(^-p(X)) C ^^("K). 
Now, since 

: (^2(r),<) ^ (^#(X),<) 
also is an order-isomorphism, again, using Lemma 14.331 we have Q^^{i^^(Yy) C 
ff^{X), or equivalently, that ff^{Y) C Q{e^{X)). Therefore Q{e^{X)) = 
ff^{Y). Thus 

QW^{X) : {ff^{X),<) ^ {e^{Y),<) 
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is an order-isomorphism. By Theorem 14 . 1 31 this now imphes (2). 

Next, by means of an example, we show that (2) does not necessarily imply (1). 
Let 

X = N © i?, and r = i?i 

i<f2 i<n 

where Ri for any i < 17 is the subspace [0, oo) of R. Let V be the Lindelof property 
and let Q be regularity. Then P and Q is a pair of compactness-like topological 
properties (see Example I2.16|) and X and Y are locally compact non — Lindelof 
spaces each containing a pair of disjoint non-compact clopen Lindelof subsets. (Just 
consider Bi and Bj for some distinct i,j<n as the desired pair.) Note that 

(4.9) \vX = clpxN U IJ jcl^jx ( U : ^ C [0, ft) is countablej 

is, 7 

and 

(4.10) XvY = y |cl/3Y (^[JB^y. J C [0, n) is countablej 

as, for example, in the first case, for any Lindelof Z G Sf{X) we have 

Z C N U y 

ieJ 

for some countable J C [0, fl), and conversely, if J C [0, fi) is countable then 

s^nu\Jb, 

is a clopen Lindelof subset of X, and thus clpxS — int^xcl^x<5' C (Note 
that a clopen subset of a Tychonoff space has a clopen closure in its Stone-Cech 
compactification; see Corollary 3.6.5 of |5].) We now verify that pX\\-pX and 
l5Y\X-pY are homeomorphic. Since X contains y as a closed subspace (and it 
is normal) the spaces clpxY and f3Y are equivalent compactifications of Y (see 
Corollary 3.6.8 of Therefore for any countable J C [0, ft) we have 

Cl/3y {\JR^)= ^\d,.Y) ( U = ( U ^i) n Cl^*^^ = Cl^^ ( U ^0 ■ 

ieJ i£J ieJ i£J 

Thus by (liTTU)) we have 

(4.11) \vY = y {cl/3x( y : J Q [0,17) is countablej. 

ie.J 

We then by ((49)) have 

\vX = cl/jjf N U \vY 
and also, since X = N U F we have 

PX = cl^x(N U r) cl^xN U clpxY = cl^xN U I3Y. 
Note that for any countable J C [0, Vl) we have 

cl;3;fNncl/3;f(y i?,) =0 

ie.] 

as N and IJigj ^'^^ disjoint zero-sets (in fact clopen subsets) of X. Therefore 
by (|4.1ip we have 

cl/3xN n XvY = 0. 
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Also 

cl^xN n /3r = cl/3xN n d^xY ^ 0. 

It now follows that 

pX\X-pX = (cl^xN U ;3r)\(cl^xN U X-pY) = /3y\A7,r. 

This shows (2). Next, we show that the partially ordered sets ^^{X) and ^^{Y) 
are not order-isomorphic. But first, we need to prove the following. 

Claim. Let D be a non-empty clopen subset of /3Y\Y . Then clpyRiXY C D for 
some i < Q. 

Proof of the claim. Let g : (3Y\Y — I be continuous with 

g[D] C {0} i,nd g[iPY\Y)\D] C {1}. 

Since Y is locally compact, f3Y\Y is closed in (the normal space) f3Y and thus by 
The Tietze-Urysohn Theorem g — G\{I3Y\Y) for some continuous G : f3Y I. 
Let 

V^^G^i [[0,1/2)] nY. 
Then V is an open subset of Y. Since 

G-i[[0,l/2)]\y C cVG-i[[0,l/2)]\F 

= ci0y(G-i[[o,i/2)] nr)\y cG-i[[o,i/2]]\r 

and 

G-i [[0, 1/2)] \Y^g-' [[0, 1/2)] ^ D ^ g-' [[0, 1/2]] = G'^ [[0, 1/2]] \r 
it follows that 

D = cV(G-^ [[0, 1/2)] nY)\Y = cIpyV\Y. 
Also, bdyF is compact, as 

hdYV^cWvxv c (G-^ [[0, 1/2]] ny)\(G-^ [[0,1/2)] nr) 
= (G-i[[o,i/2]]\G-i[[o,i/2)])ny 

= G~\l/2)nY CG-\l/2) 

which implies that 

ci^ybdyy\y c G-i(i/2)\r = 5^^(1/2) ^ ^. 

Therefore cl^ybdyy C Y and thus bdy = cl/jybdyl/ n F = cl/jybdyT^ is com- 
pact, as it is closed in (3Y . Let 

H ^{i<n: bdyV ni?i ^ 0}. 

Note that H is finite, as bdy^ is compact. To prove the claim suppose to the 
contrary that cXpyRiXY ^ D for any i <Vt. But 

cl^yi?A>" = c\pYR^\R^ - PR^\R^ 

as cl^yi?i and /3i?i are equivalent compactifications of because Ri is closed in 
Y (and F is normal) and, therefore since /3Ri\Ri is connected (see Problem 6L of 
[8]), we have 

(4.12) clpyRi n £» = (cl^yi?A^) n £> = 
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for any i < il. Now let i < ft be such that VDRi is non-empty. If bd_R. (Fni?i) = 
then VnRi is clopen in Ri, and since Ri is connected, VDRi = Ri, that is, Ri C V. 
But then 

which by (|4.12p cannot be true. Thus 

bdy y n i?i = bdi^, (y n 7^ 
that is, i e i/. Therefore V C Uieff -^2- ^o'^ 

D = cl^yV^\r C cl^yF C cl^y( IJ = U ^^^^^^ 

ieff ieH 

which again contradicts (I4.12p . as D is non-empty. This proves the claim. 

Now we prove that ^^{X) and ^^{Y) are not order-isomorphic. Suppose the 
contrary and let 

9: (^2(X),<) ^ {J^^{Y),<) 
denote an order-isomorphism. Let 

C = (/?X\X)\cl^xN. 

Then C is a clopen non-empty subset of 15X\X. (Note that f5X\X is closed in 
/3X, as X is locally compact, and cl/3xN is clopen in (3X, as N is clopen in X .) 
Let T — ecX. Then T is a one-point Tychonoff extension of X, which by Lemmas 
14.221 and 14.301 is locally compact. By Lemmas ^XM and 14.221 and Theorem 12.111 we 
have T e J(^{X). Let S = 6(r). Then by Lemma the element 5 is a one- 
point locally compact extension of Y. Denote by tp : /3Y — > /3S the continuous 
extension of idy- Then D = tp~^{S\Y) is clopen in fiY\Y by Lemma [4.30[ and 
obviously D ^ I3Y\Y, as S is not the smallest element in ^^(Y), because T 
is not the smallest element in ^^{X), since C ^ j3X\X. By the above claim, 
c\pYRi\Y C {f5Y\Y)\D for some i < fi. Choose some distinct 6', c' G cXpyRiX^ 
(which exist, as by above cXpYRi^X = l3Ri\Ri) and choose some a' e /3Y\X-pY 
(which exists, as Y is non — Lindelof; see Lemma [4. 101) . Let 

S' — ey {{a, b'}) and S" — ey ({a', c'}) 

and let 

T' = e-\S') and T" = Q-^S"). 
By Lemma [4.331 both T' and T" are anti-atoms in ^^{X) of type (I), as S' and 
S" are anti-atoms in ^^{Y) of type (I). Let 

r = ex ({a, b}) and T" = ex ({c, d}) 

where 5, d £ ApX. Note that b' ^ {a',c'}, which by Lemma [4.341 yields b ^ {c,d}. 
We neither have T < T' nor T < T", as neither 

e(T) = s<s' = e(T') nor e(T) = s' < s"' = e(r") 

because b', d ^ D\ see Lemmas l2.13l and l4.14l Thus again by Lemmas l2.13lHmi and 
I4.22l neither {a, 6} C C nor {c, d} C C, which implies that 6, d ^ C, or 6, d e cl^jcN, 
as a, c e fiX\\'pX C C. But, since cl/3xN\N is zero-dimensional, there exists a 
clopen subset E of fiX\X containing 6, but not d, such that it contains fiX\\-pX. 
This by Lemmas 14.221 and 14.331 corresponds to a one-point locally compact element 
of ^p(X), namely, ceX. By Lemma 14.331 the element 6(e_EX) is a one-point 
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locally compact element in ^^{Y). Now if ^Y(0(e£;X)) — {G}, then by Lemma 
14.301 the set G is a clopen subset of /3Y\Y, and neither 

dpyRAY C G nor (cl^yi^A^) n G = 

as 6' e G and c' ^ G, because {a', 6'} C G and {a',c'} ^ G, since &ieEX) < S' 
and e(eBX) ^ S"', as 

eijX < e-i(S") = T' and e^X ^ e"i(S"') = T" 

because {a, 6} C iJ and {c, d} ^ i?, again by Lemmas 12.131 14.141 and 14.221 This 
contradicts the fact that cl^yi?i\F is connected. □ 

In the final result of this chapter we introduces the largest (with respect to the 
partial order <) compactification-like T'-extension of a Tychonoff space X. This 
largest element (also introduced in the proof of Lemma 14.171) turns out to be a 
familiar subspace of the Stone-Cech compactification of X. We formally define 
this element and prove some of its properties which characterize it among all V- 
extensions of X with compact remainder. 

Theorem 4.37. Let V and Q he a pair of compactness -like topological properties. 
Let X be a Tychonoff locally ~V non-V space with Q. Consider the subspace 

CvX = X U {l3X\\vX) 

ofpX. Then 

(1) CvX is the largest element (with respect to <) of either ^^{X), ^^{X) 
or ff^{X). 

(2) For any Y S S'^(X) consider the following properties: 

(a) For any S, Z G 2f{X) where S H Z C C for some C G Coz{X) such 
that clxG has V , we have clyS H clyZ C X . 

(b) Y satisfies the following: 

(i) For any S, Z £ 2f{X) we have 

c\y{s n z)\x = [cIyS n c\yZ)\x. 

(ii) For any Z € ^{X) where Z (- C for some C G Coz{X) such 
that c\xC has V , we have clyZ C X . 

Then CvX is characterized in S^{X) by either of the above properties. 

Proof. (1). By Lemma [2110] we have X C X-pX. Thus C'P-''^ is a Tychonoff extension 
of X with the compact remainder CvX\X = (3X\X-pX. Since X C CvX C px 
we have PCvX = f5X (see Corollary 3.6.9 of [5 ). Therefore by Lemma [2.81 (with 
/ — idx and (j) = idpx) we have CvX e (S'^(X) and by Theorem 12.151 it follows 
that CvX e ff^iX) and thus CvX e ^^{X). Now let Y G S'^iX) and let </) : 
I3X (3Y be the continuous extension of idx- By Lemma [2^ we have l3X\\-pX C 
(l)-^[Y\X]. Therefore 

<t>[CvX] = (l)[XU{[3X\XvX)] 
= (j)[X] U (/)[^X\ApX] 

= X U (j)[l3X\X-pX] C X U4)[4)-^[Y\X]] CXU {Y\X) = Y 

and thus (t)\CvX : CvX Y. Since the latter fixes X pointwise this shows that 
Y <CvX. Therefore Y is the largest element of S'-^{X). 
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(2). Let Y = CvX. We show that Y satisfies (2. a) and (2.b). To show (2.a) 
suppose that S,Z ^ 2^[X) are such that 5 n Z C C for some C G Coz(X) such 
that clxC* has V . Then by Lemma [2. 141 we have cl^xlS* C) Z) C X-pX and thus 

c\yS n cii-z = cipxS n cipxZ nY = cipxis n z) n r c a^x dy ex. 

To show (2.b) note that for any S, Z E iSf(X) we have 

cii'(S' nz) = cipxis n z) n r = dpxS n dpxZ dy = ciyS n ciyZ. 

Therefore (2.b.i) holds. Note that since (2. a) holds, (2.b.ii) holds as well. 

Now suppose that some Y G S^{X) satisfies (2. a). Let (f) : fiX — >■ fiY be the 
continuous extension of idx • Recall the construction of I3Y and the representation of 
(p given in Lemma [231 Note that (2. a) in particular implies that c\yZ(^{Y\X) = 
for any Z G ^{X) such that Z C C for some C G Coz{X) such that clxC' has V. 
Thus by Theorem EH] we have Y G ^viX) and therefore (l)-^[Y\X] = f3X\\-pX. 
We show that for any p G Y\X the set consists of a single point from this 

it then follows that Y ~ CvX. Suppose to the contrary that for some p G Y\X 
there exist distinct a,b G <j)^^{p). Let / : /3X — I be continuous with /(a) =0 and 
f{b) = 1. Let 

S = [[0, 1/3]] n X and Z = /"^ [[2/3, 1]] n X. 

Then 5, Z G ^{X) and 5 n Z = 0. Thus (and since X is a non-empty Tychonoff 
locally-P space, and V is hereditary with respect to closed subsets of Hausdorff 
spaces and thus containing some C G Coz{X) such that clxC has V) by our 
assumption clyS* n clyZ C X. We show that p G clyS D clyZ, this contradiction 
proves that Y — C,-pX. Let V be an open neighborhood of p in y and let the 
open subset V of /SY be such that V = V' HY. Then (l)-^[V'] H /-^[[0, 1/3)] and 
n /~^[(2/3, 1]] are open neighborhoods of a and b in /3X, respectively, and 
therefore, have non-empty intersection with X. Note that 

(j)-^ [V'] n /-^ [[0, 1/3)] n X c s* n V" and (t)'^[v'] n [(2/3, i]]nx c z nv. 

Thus p G c1y5 n clyZ. Finally, we show that (2.b) implies (2. a). This together 
with the above proves the theorem. Suppose that (2.b) holds. Let 5, Z G 2f{X) be 
such that SnZ C C for some C G Coz{X) such that cl^C has V. Then by (2.b.ii) 
we have cly(5' n Z) C X. Therefore using (2.b.i) we have 

{c\yS n c\yZ)\X = dviS n Z)\X = 

and thus clyS" n clyZ <ZX. □ 

5. Applications 

5.1. Tight P— extensions. In j^U] K.D. Magill, Jr. proved the following theorem 
relating the order-structure of the set of all compactifications of a locally compact 
space X to the topology of (3X\X. Recall that order-isomorphic lattices are called 
lattice-isomorphic. 

Theorem 5.1 (Magill [201 ). Let X and Y be locally compact non-compact spaces. 
The following are equivalent: 

(1) (J^(X), <) and {J(f{Y), <) are lattice-isomorphic. 

(2) l3X\X and l3Y\Y are homeomorphic. 
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The idea of generalizing the above result led J. Mack, M. Rayburn and R.G. 
Woods in [17 to introduce and study a new class of extensions. We state some 
definitions together with some results from [17 below. The reader may find it 
useful to compare these results with those we have already obtained in the previous 
chapter. 

Let X be a Tychonoff space and let P be a topological property. A Tychonoff V- 
extension of X is called tight if it does not contain properly any other P-extension 
of X. Now let V he a. topological property which is closed hereditary, productive 
and is such that if a Tychonoff space is the union of a compact space and a space 
with V then it has V. Let X be a Tychonoff space. Define the V-reflection ^-pX 
oiX by 

7pX = P|{T : T has P and X C T C pX]. 

If V is compactness then ^-pX — (3X and if V is realcompactness then 'y-pX — vX 
(the Hewitt realcompactification of X). Also, by Corollary 2.4 of [17] the space 
7-pX has V. Denote by 3^{X) the set of all tight P-extensions of X. As remarked 
in [T7], for a Tychonoff locally-T' non-'P space X there is the largest one-point 
extension X* in ^{X). Let 

^*{X) = {T G ^{X) :X*<T} 

and for any T G ^*{X), if fx ■ PX f3T denotes the continuous extension of idx, 
let 

&*{X) = {Te ^*{X) : frhvX] = T}. 

Theorem 5.2 (Mack, Rayburn and Woods |T7]). Let X and Y be Tychonoff 
locally-V non-V spaces. If {^*{X),<) and {^*{Y),<) are lattice-is omorphic 
then ^■pX\X and ^pY\Y are homeomorphic. 

The following main result of iLTl generalizes K.D. Magill, Jr.'s theorem in pU] 
(Theorem [5?T]). 

Theorem 5.3 (Mack, Rayburn and Woods [17]). Let X andY be Tychonoff locally- 
V non-V spaces and suppose that &*{X) = ^*{X) and &*{Y) = 3^*{Y). Suppose 
moreover that ^pX\X and ^-pYXY are C* -embedded in jpX and "fpY , respec- 
tively. The following are equivalent: 

(1) (^*(X),<) and {.^*{Y),<) are lattice-isomorphic. 

(2) ')pX\X and ^pY\Y are homeomorphic. 

Topological properties considered in [l^ are all assumed to be productive while 
topological properties we have considered are hardly productive. (As it is shown 
in Example 12.161 specific examples of compactness-like topological properties are 
mostly covering properties which are normally not expected to be productive.) 
However, there are topological properties which satisfy the two sets of require- 
ments. We need to know the relation between the classes of compactification-like 
P-extensions of a Tychonoff space X and the class of its tight P-extensions with 
compact remainder, in particular, we need to know if these two coincide. In this 
section we apply some of our previous results to obtain analogous results in the 
context of tight P-extensions with compact countable remainder. Also, we give 
examples to show that the concepts "tight P-extension with compact remainder" , 
"minimal 'P-extension" and "optimal 7-" -extension" in general do not coincide. 
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We start with the fohowing resuh which together with Lemma [3771 and Theorem 
13.131 characterizes spaces having a tight -extension with compact countable re- 
mainder. Note that by definitions, the two terms "n-point minimal "P-extension" 
and "n-point tight 'P-extension" coincide for any n G N. Thus Lemma 13.71 and 
Theorem 13.131 also characterize spaces with an n-point tight "P-extension. 

Theorem 5.4. Let V and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff space with Q. The following are equivalent: 

(1) X has a countable-point minimal V -extension with Q. 

(2) X has a countable-point optimal V -extension with Q. 

(3) X has a countable-point tight V -extension with compact remainder with Q. 

Proof. The equivalence of (1) and (2) follows from Theorem 13. 131 (1) implies (3). 
By Lemma I3.7f 2.c) the space X is locally-P and (iX\\-pX contains an infinite 
bijectively indexed sequence TJi, LI2, ... of pairwise disjoint non-empty clopen sub- 
sets. Let Pi's, T, q and Y be as in Lemma 13.71 ((2.c) (2.b)). Then F is a 
countable-point Tychonoff P-extension of X with compact remainder with Q. We 
show that Y is also a tight P-extension. Suppose to the contrary that there exists 
a P-extensions Y' of X properly contained in Y . Choose some Pn S Y\Y' where 
n S N. The sets ff„ and {pX\X-pX)\Hn are closed in /3X, as they are closed in 
l3X\X-pX. Let /„ : PX — >• I be continuous with 

fn[Hn] C {0} and /„[(/3X\ApX)\ff„] C {1}. 

When n — 1 note that pi is obtained by contracting a set containing Hi . The set 

Zn = .f-' [[0, 1/2]] nx^ q[f-' [[0, 1/2]]] n y e ^x) 

has P, as it is closed in Y'. Therefore 

Hn C f-' [[0, 1/2)] C int^xcl0x(/„"' [[0, 1/2]] n X) ^ mtpxclpxZn C X^X 

which is a contradiction. This shows that Y is also a tight P-extension. That (3) 
implies (1) is trivial and follows from definitions. □ 

The following is a counterpart for Corollarv l3.14l Thus it too (besides Corollary 
I3.14P may be considered as a generalization of the K.D. Magill, Jr.'s theorem in 
[H] (Theorem [33). 

Theorem 5.5. Let P and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff space with Q. The following are equivalent: 

(1) X has an n-point tight V -extension with Q for any n S N. 

(2) X has a countable-point tight V -extension with compact remainder with Q. 

Proof. As noted before, by definitions the terms "71-point minimal P-extension" 
and "n-point tight P-extension" coincide for any n G N. The result now follows 
from Theorems 13. 131 and 15.41 □ 

Theorem 5.6. Let P and Q be a pair of compactness-like topological properties. 
Let X be a Tychonoff space. 

(1) Let n G N. Lf X has a perfect image with Q which has an n-point tight 
V -extension with Q, then so does X. 

(2) // X has a perfect image with Q which has a countable-point tight P- 
extension with compact remainder with Q, then so does X. 
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Proof. This follows from Theorems 13.151 and 15.41 □ 

In the following we give examples of a topological property V and Tychonoff 
spaces X for which the notion "tight P-extension with compact remainder" differ 
from both "minimal 'P -extension" and "optimal 7^-extension" . For convenience, 
for a space X and a topological property V, denote by ^'p{X) the set of all tight 
7^ -extensions oi X with compact remainder. Observe that by definitions ^■p{X) C 

Example 5.7. Let V be Hg-boundedness (see Example 12.161 for the definition) 
and let X — D^i^i) (the discrete space of cardinality Ki). Note that V is closed 
hereditary, productive, finitely additive, perfect and satisfies Mrowka's condition 
(W) (thus by Corollary 2.6 of [17] is such that if a Tychonoff space is the union 
of a compact space and a space with V, then it has V). Then X-pX = X, as any 
Ho-bounded Z G f^{X) is finite. Therefore 

where as before J€{X) is the set of all compactifications of X. In [41" it is shown 
that 

'f-pX ~ y^{c\j3xA : A^Z X is countable}. 

Now ^-pX is a P-extension of X (as ^-pX always has V] see Corollary 2.4 of [T7]) 
and obviously it is contained properly in (3X. Therefore j3X £ &'p{X), while 
PX i STpiX). 

Example 5.8. Let V be Kg-boundedness and let X = [0,il)\{w}. Note that 
X is locally compact; denote by X* the one-point compactification of X. Then 
X* € ^p{X), as the only extension of X contained properly in X* is X itself 
which does not have V, because cu ^ X. Now let 4> : f3X X* he the continuous 
extension of idx ■ Then 

(5.1) cj)-^[X*\X] = PX\X ^ l3X\XpX 

as XpX\X is non-empty. To show the latter simply let Z = (w, fl) and observe that 
Z is clopen in X (thus it is a zero-set in X) and it has V. Since Z is non-compact 

^ d^xZ\X = mt^xc\^xZ\X C XpX\X. 

Now by Theorem [HH from it follows that X* ^ &p{X). 

5.2. On a question of S. Mrowka and J.H. Tsai. Let X and E be Hausdorff 
spaces. The space X is said to be E -completely regular if X is homeomorphic to a 
subspace of a product E°' for some cardinal a (see [6] and [26]). In [28] (also see 
[55] ) the authors proved that for a topological property V which is regular-closed 
hereditary, finitely additive with respect to closed subsets (that is, if a Hausdorff 
space is the finite union of its closed subsets with V, then it has V) and satisfy 
Mrowka's condition (W), every iJ-completely regular (where E is regular and sub- 
ject to some restrictions) locally-'P space has a one-point £'-completely regular 
P-extension (see [H] for related results). The authors then posed the following 
more general question: For what pairs of topological properties V and Q is it true 
that every locally-V space with Q has a one-point extension with both V and Q ? 
Indeed, the systematic study of this sort of questions dates back to earlier times 
when P. Alexandroff proved that every locally compact (Hausdorff) non-compact 
space has a one-point compact (Hausdorff) extension (thus answering the question 
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in the case when V is compactness and Q is the property of being Hausdorff). 
Since then the question has been considered by various authors for specific choices 
of topofogical properties V and Q. The fohowing resuh which is a corohary of 
Lemma 12.81 is to provide an answer to the above question of S. Mrowka and J.H. 
Tsai (see also Theorem 4.1 of [16] for a related result). 

Theorem 5.9. Let V he a compactness-like topological property. Let Q he a topo- 
logical property which is either 

• clopen hereditary, inverse invariant under perfect mappings and satisfying 
Mrowka' s condition (W), or 

• strong zero-dimensionality. 

Let X he a Tychonoff non-V space with Q. The following are equivalent: 

(1) X is locally -V . 

(2) X has a one-point Tychonoff extension with hoth V and Q. 

Proof. That (2) implies (1) is obvious. (1) implies (2). By Lemma [2.101 we have 
X C X-pX. Let T be the space obtained from (iX by contracting the compact 
subset l3X\\'pX to a point p (note that f3X\\-pX is non-empty by Lemma [4. 101) . 
Then T is Tychonoff. Consider the subspace Y — X U {p} of T. 

Case 1.: Suppose that Q is hereditary with respect to clopen subsets, inverse 
invariant under perfect mappings and satisfies Mrowka's condition (W). 
Lemma 12.81 then implies that y is a one-point Tychonoff extension of X 
with both V and Q. 

Case 2.: Suppose that Q is strong zero-dimensionality. By Lemma [^751 (with 
Q being regularity in its statement) the space K is a one-point Tychonoff 
P-extension of X. We verify that Y is strongly zero-dimensional. Note 
that T is a compactification of Y . Let : PX (3Y and 7 : (3Y T he 
the continuous extensions of idx and idy, respectively. Since jcj} : PX — > T 
agrees with g on X we have ^(j) — q. Since T is a compactification of Y 
(and 7|y = idy), by Theorem 3.5.7 of [5] we have -/[PY\Y] = T\Y. Thus 
I'^ip) = {p} and 

By Lemma 12.91 we have I3Y = T and (j) — q. Using zero-dimensionality of 
PX it is easy to verify that f3Y is zero-dimensional, that is, Y is strongly 
zero-dimensional. 

Therefore (2) holds in either case. □ 

6. Question 

We conclude with a question which naturally arose in connection with our study. 

Question 6.1. Let X be a space, let V he a topological property and let Y he 
a Tychonoff T'-extension of X with compact remainder. The extension Y of X 
is called maximal if the topology of Y is maximal (with respect to the inclusion 
relation C) among all topologies on Y which turn Y into a Tychonoff P-extension 
of X with compact remainder. Thus Y is an optimal T'-extension of X if it is both 
a minimal and a maximal -extension of X. Now to what extent and how the 
results of this article can be rephrased in order to remain valid in the new context? 
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